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Preface

Computers play a large part in our everyday lives and will continue to do so in the future.
Computer science is a young discipline that is evolving and progressing. Computer net-
works have connected people from far-flung points of the globe. Virtual reality is creating
three-dimensional images that amaze the eyes. Space exploration owes part of its success
to computers. Computer-generated special effects have changed the movie industry.
Computers have played important roles in genetics.

Audience

This book is written for both academic and professional audience. The book can be used
as a self-study guide for interested professionals. As a textbook, it can be used for a one-
semester or one-quarter course. It is designed as the first course in computer science. This
book is designed for a CSO course based on the recommendations of the Association of
Computing Machinery (ACM). It covers all areas of computer science in breadth. The
book, totally or partially, can also be used in other disciplines where the students need to
have a bird’s-eye view approach to the computer science.

Changes in the fourth edition

I have made several categories of changes in this edition.

Revised chapters and appendices

Minor changes have been made to almost all the chapters. Two new chapters have been
added (Chapters 19 and 20). Some materials have been removed from Chapter 4,
expanded and inserted as two new appendices (Appendices I and J).

Organization
The book is made of 20 chapters and 10 appendices.
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Chapters

Chapters are intended to provide the basic materials. However, not all chapters are needed
for every audience. The professor who teaches the course can decide which chapters to
use. We give guidance below.

Appendices

The appendices are intended to provide a quick reference or review of materials needed to
understand the concepts discussed in the book. There are ten appendices that can be used
by the students for reference and study.

Acronyms
The book contains a list of acronyms for finding the corresponding terms quickly.

Glossary
The book contains an extensive glossary giving full explanations of the terms used in the

book.

Pedagogy

Several pedagogical features of this text are designed to make it particularly easy for
students to understand the materials.

Visual approach

The book presents highly technical subject matter without complex formulas by using a
balance of text and figures. More than 400 figures accompanying the text provide a visual
and intuitive opportunity for understanding the material. Figures are particularly
important in explaining the relationship between components of a whole. For many
students, these concepts are more easily grasped visually than verbally.

Highlighted points

[ have repeated important concepts in boxes for quick reference and immediate attention.

Examples and applications

Whenever appropriate, I have included examples that illustrate the concepts introduced
in the text.

Algorithms

The inclusion of algorithms in the text helps students with problem solving and
programming.
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Unified Modeling Language (UML)

Throughout the book I have used UML diagrams to make students familiar with this tool,
which is becoming the de facto standard in the industry.

End-of-chapter materials
Each chapter ends with a set of materials that includes the following:
Recommended reading

This section gives a brief list of references relative to the chapter. The references can be
used to quickly find the corresponding literature.

Key terms

The new terms used in each chapter are listed at the end of the chapter and their definitions
are included in the glossary.

Summary

Each chapter ends with a summary of the material covered by that chapter. The summary
consolidates the important learning points in one place for ease of access by students.

Practice set

Each chapter includes a practice set designed to reinforce salient concepts and encourage
students to apply them. It consists of three parts: quizzes, questions, and problems.

Quizzes

Quizzes, which are posted on the book website, provide quick concept checking. Students
can take these quizzes to check their understanding of the materials. The feedback to the
students’ responses is given immediately.

Questions

This section contains simple questions about the concepts discussed in the book. Answers
to the odd-numbered questions are posted on the book website to be checked by the
student.

Problems

This section contains more difficult problems that need a deeper understanding of the
materials discussed in the chapter. I strongly recommend that the student trys to solve all
of these problems. Answers to the odd-numbered problems are also posted on the book
website to be checked by the student.

Professor resources

The book contains complete resources for professors who teach the course. They can be
downloaded from the book site. They include:

xiii
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Presentations

The site includes a set of colorful and animated PowerPoint presentations for teaching the
course.

Solutions to practice set

Solutions to all questions and problems are provided on the book website for the use of
professors who teach the course.

Student resources
The book contains complete student resources on the book website. They include:
Quizzes

There are quizzes at the end of chapters that can be taken by the students. Students are
encouraged to take these quizzes to test their general understanding of the materials
presented in the corresponding chapter.

Solutions to odd-numbered practice sets

Solutions to all odd-number questions and problems are provided on the book website for
the use of students.

How to use the book

The chapters in the book are organized to provide a great deal of flexibility. I suggest the
following:

O Materials provided in Chapters 1 to 8 are essential to understand the rest of the book.

O Materials provided in Chapters 9 to 14 can be taught if the time allows. They can be
skipped in a quarter system.

O Chapters 15 to 20 can be taught at the discretion of the professor and the majors of
students.
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CHAPTER 1

Introduction

The phrase computer science has a very broad meaning today. However, in this book, we
define the phrase as ‘issues related to the computer’. This introductory chapter first tries
to find out what a computer is, then investigates other issues directly related to comput-
ers. We look first at the Turing model as a mathematical and philosophical definition of
computation. We then show how today’s computers are based on the von Neumann
model. The chapter ends with a brief history of this culture-changing device . . . the
computer.

Objectives

After studying this chapter, the student should be able to:

Define the Turing model of a computer.

Define the von Neumann model of a computer.

Describe the three components of a computer: hardware, data, and software.
List topics related to computer hardware.

List topics related to data.

List topics related to software.

Iy Ny Ny Ay

Give a short history of computers.
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1.1 TURING MODEL

The idea of a universal computational device was first described by Alan Turing in 1936.
He proposed that all computation could be performed by a special kind of a machine, now
called a Turing machine. Although Turing presented a mathematical description of such a
machine, he was more interested in the philosophical definition of computation than in
building the actual machine. He based the model on the actions that people perform
when involved in computation. He abstracted these actions into a model for a computa-
tional machine that has really changed the world.

1.1.1 Data processors

Before discussing the Turing model, let us define a computer as a data processor. Using
this definition, a computer acts as a black box that accepts input data, processes the data,
and creates output data (Figure 1.1). Although this model can define the functionality of
a computer today, it is too general. In this model, a pocket calculator is also a computer
(which it is, in a literal sense).

Figure 1.1 A single-purpose computing machine

Input data —— Computer —— Output data

Another problem with this model is that it does not specify the type of processing, or
whether more than one type of processing is possible. In other words, it is not clear how
many types or sets of operations a machine based on this model can perform. Is it a
specific-purpose machine or a general-purpose machine?

This model could represent a specific-purpose computer (or processor) that is de-
signed to do a single job, such as controlling the temperature of a building or controlling
the fuel usage in a car. However, computers, as the term is used today, are general-purpose
machines. They can do many different types of tasks. This implies that we need to change
this model into the Turing model to be able to reflect the actual computers of today.

1.1.2 Programmable data processors

The Turing model is a better model for a general-purpose computer. This model adds an
extra element to the specific computing machine: the program. A program is a set of
instructions that tells the computer what to do with data. Figure 1.2 shows the Turing
model.

In the Turing model, the output data depends on the combination of two factors: the
input data and the program. With the same input data, we can generate different output
if we change the program. Similarly, with the same program, we can generate different



1.1 Turing Model

Figure 1.2 A computer based on the Turing model: programmable data processor

Program

v

Input data —> Computer

——» Output data

outputs if we change the input data. Finally, if the input data and the program remain the
same, the output should be the same. Let us look at three cases.

Same program, different input data

Figure 1.3 shows the same sorting program with different input data. Although the
program is the same, the outputs are different, because different input data is processed.

Figure 1.3 The same program, different data

Program Sort

v

3,12,8, 22— Computer
Input data

—— 3,8, 12, 22

Output data

Program Sort

v

14,6, 8, 12— Computer
Input data

—» 6,8, 12, 14

Output data

Same input data, different programs

Figure 1.4 shows the same input data with different programs. Each program makes the
computer perform different operations on the input data. The first program sorts the data,
the second adds the data, and the third finds the smallest number.
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Figure 1.4 The same data, different programs

Program Sort

v

3,12,8,22—> Computer —— 3, 8, 12, 22
Input data Output data

Program Add

v

3,12,8, 22— Computer |—> 45
Input data Output data
Find
Program | gmallest
3,12,8,22—> Computer ——> 3
Input data Output data

Same input data, same program

We expect the same result each time if both input data and the program are the same, of
course. In other words, when the same program is run with the same input data, we
expect the same output.

1.1.3 The universal Turing machine

A universal Turing machine, a machine that can do any computation if the appropriate
program is provided, was the first description of a modern computer. It can be proved that
a very powerful computer and a universal Turing machine can compute the same thing.
We need only provide the data and the program—the description of how to do the com-
putation—to either machine. In fact, a universal Turing machine is capable of computing
anything that is computable.

1.2 VON NEUMANN MODEL

Computers built on the Turing universal machine store data in their memory. Around
1944-1945, John von Neumann proposed that, since program and data are logically the
same, programs should also be stored in the memory of a computer.

1.2.1 Four subsystems

Computers built on the von Neumann model divide the computer hardware into four
subsystems: memory, arithmetic logic unit, control unit, and input/output (Figure 1.5).



1.2 Von Neumann Model

Figure 1.5 The Von Neumann model

Computer
Input / output
Arithr_ne(tic I(;gic
Input unit (ALU Output
data — T > data
I Memory
Control unit

Memory

Memory is the storage area. This is where programs and data are stored during processing.
We discuss the reasons for storing programs and data later in the chapter.

Arithmetic logic unit

The arithmetic logic unit (ALU) is where calculation and logical operations take place.
For a computer to act as a data processor, it must be able to do arithmetic operations on
data (such as adding a list of numbers). It should also be able to do logical operations on
data, as we will see in Chapter 4.

Control unit

The control unit controls the operations of the memory, ALU, and the input/output
subsystem.

Input / output

The input subsystem accepts input data and the program from outside the computer,
while the output subsystem sends the result of processing to the outside world. The defi-
nition of the input/output subsystem is very broad: it also includes secondary storage
devices such as disk or tape that stores data and programs for processing. When a disk
stores data that results from processing, it is considered an output device: when it reads
data from the disk, it is considered an input device.

1.2.2 The stored program concept

The von Neumann model states that the program must be stored in memory. This is
totally different from the architecture of early computers in which only the data was
stored in memory: the programs for their task were implemented by manipulating a set of
switches or by changing the wiring system.

The memory of modern computers hosts both a program and its corresponding data.
This implies that both the data and programs should have the same format, because they

are stored in memory. In fact, they are stored as binary patterns in memory—a sequence
of Os and 1s.

5
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1.2.3 Sequential execution of instructions

A program in the von Neumann model is made of a finite number of instructions. In this
model, the control unit fetches one instruction from memory, decodes it, then executes
it. In other words, the instructions are executed one after another. Of course, one
instruction may request the control unit to jump to some previous or following
instruction, but this does not mean that the instructions are not executed sequentially.
Sequential execution of a program was the initial requirement of a computer based on
the von Neumann model. Today’s computers execute programs in the order that is the
most efficient.

1.3 COMPUTER COMPONENTS

We can think of a computer as being made up of three components: computer hardware,
data, and computer software.

1.3.1 Computer hardware

Computer hardware today has four components under the von Neumann model, although
we can have different types of memory, different types of input/output subsystems, and
so on. We discuss computer hardware in more detail in Chapter 5.

1.3.2 Data

The von Neumann model clearly defines a computer as a data processing machine that
accepts the input data, processes it, and outputs the result.

Storing data

The von Neumann model does not define how data must be stored in a computer. If a
computer is an electronic device, the best way to store data is in the form of an electrical
signal, specifically its presence or absence. This implies that a computer can store data in
one of two states.

Obviously, the data we use in daily life is not just in one of two states. For example,
our numbering system uses digits that can take one of ten states (0 to 9). We cannot (as
yet) store this type of information in a computer: it needs to be changed to another system
that uses only two states (0 and 1). We also need to be able to process other types of data
(text, image, audio, video). These also cannot be stored in a computer directly, but need to
be changed to the appropriate form (Os and 1s).

In Chapter 3, we will learn how to store different types of data as a binary pattern, a
sequence of Os and 1s. In Chapter 4, we show how data is manipulated, as a binary pat-
tern, inside a computer.



1.3 Computer Components

Organizing data

Although data should be stored only in one form inside a computer, a binary pattern, data
outside a computer can take many forms. In addition, computers (and the notion of data
processing) have created a new field of study known as data organization, which asks the
question: can we organize our data into different entities and formats before storing them
inside a computer? Today, data is not treated as a flat sequence of information. Instead,
data is organized into small units, small units are organized into larger units, and so on. We
will look at data from this point of view in Chapters 11-14.

1.3.3 Computer software

The main feature of the Turing or von Neumann models is the concept of the program.
Although early computers did not store the program in the computer’s memory, they did
use the concept of programs. Programming those early computers meant changing the
wiring systems or turning a set of switches on or off. Programming was therefore a task
done by an operator or engineer before the actual data processing began.

Programs must be stored

In the von Neumann model programs are stored in the computer’s memory. Not only do
we need memory to hold data, but we also need memory to hold the program
(Figure 1.6).

Figure 1.6 Program and data in memory

Program

Data

Memory

A sequence of instructions

Another requirement of the model is that the program must consist of a sequence of
instructions. Each instruction operates on one or more data items. Thus, an instruction can
change the effect of a previous instruction. For example, Figure 1.7 shows a program that
inputs two numbers, adds them, and prints the result. This program consists of four
individual instructions.
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Figure 1.7 A program made of instructions

1. Input the first number into memory.

2. Input the second number into memory.

3. Add the two together and store the result in memory.
4. Output the result.

Program

We might ask why a program must be composed of instructions. The answer is reusability.
Today, computers do millions of tasks. If the program for each task was an independent
entity without anything in common with other programs, programming would be diffi-
cult. The Turing and von Neumann models make programming easier by defining the
different instructions that can be used by computers. A programmer can then combine
these instructions to make any number of programs. Each program can be a different
combination of different instructions.

Algorithms

The requirement for a program to consist of a sequence of instructions made programming
possible, but it brought another dimension to using a computer. A programmer must not
only learn the task performed by each instruction, but also learn how to combine these
instructions to do a particular task. Looking at this issue differently, a programmer must
first solve the problem in a step-by-step manner, then try to find the appropriate instruction
(or series of instructions) to implement those steps. This step-by-step solution is called an
algorithm. Algorithms play a very important role in computer science and are discussed in
Chapter 8.

Languages

At the beginning of the computer age there was only one computer language, machine
language. Programmers wrote instructions (using binary patterns) to solve a problem.
However, as programs became larger, writing long programs using these patterns became
tedious. Computer scientists came up with the idea of using symbols to represent binary
patterns, just as people use symbols (words) for commands in daily life. Of course, the
symbols used in daily life are different from those used in computers. So the concept of
computer languages was born. A natural language such as English is rich and has many
rules to combine words correctly: a computer language, on the other hand, has a more
limited number of symbols and also a limited number of words. We will study computer
languages in Chapter 9.
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Software engineering

Something that was not defined in the von Neumann model is software engineering,
which is the design and writing of structured programs. Today it is not acceptable just to
write a program that does a task: the program must follow strict rules and principles. We
discuss these principles, collectively known as software engineering, in Chapter 10.

Operating systems

During the evolution of computers, scientists became aware that there was a series of
instructions common to all programs. For example, instructions to tell a computer where
to receive data and where to send data are needed by almost all programs. It is more
efficient to write these instructions only once for the use of all programs. Thus the concept
of the operating system emerged. An operating system originally worked as a manager to
facilitate access to the computer’s components by a program, although today operating
systems do much more. We will learn about them in Chapter 7.

1.4 HISTORY

In this section we briefly review the history of computing and computers. We divide this
history into three periods.

1.4.1 Mechanical machines (before 1930)

During this period, several computing machines were invented that bear little resemblance
to the modern concept of a computer.

Q In the seventeenth century, Blaise Pascal, a French mathematician and philosopher,
invented Pascaline, a mechanical calculator for addition and subtraction operations.
In the twentieth century, when Niklaus Wirth invented a structured programming
language, he called it Pascal to honor the inventor of the first mechanical calculator.

Q In the late seventeenth century, German mathematician Gottfried Leibniz invented a
more sophisticated mechanical calculator that could do multiplication and division as
well as addition and subtraction. It was called the Leibniz Wheel.

Q The first machine that used the idea of storage and programming was the Jacquard
loom, invented by Joseph-Marie Jacquard at the beginning of the nineteenth century.
The loom used punched cards (like a stored program) to control the raising of the
warp threads in the manufacture of textiles.

Q In 1823, Charles Babbage invented the Difference Engine, which could do more than
simple arithmetic operations—it could solve polynomial equations, too. Later, he in-
vented a machine called the Analytical Engine that, to some extent, parallels the idea
of modern computers. It had four components: a mill (corresponding to a modern
ALU), a store (memory), an operator (control unit), and output (input/output).

Q In 1890, Herman Hollerith, working at the US Census Bureau, designed and built
a programmer machine that could automatically read, tally, and sort data stored on
punched cards.
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1.4.2 The birth of electronic computers (1930-1950)

Between 1930 and 1950, several computers were invented by scientists who could be
considered the pioneers of the electronic computer industry.

Early electronic computers

The early computers of this period did not store the program in memory—all were
programmed externally. Five computers were prominent during these years:

Q  The first special-purpose computer that encoded information electrically was invented by
John V. Atanasoff and his assistant Clifford Berry in 1939. It was called the ABC (Atana-

soff Berry Computer) and was specifically designed to solve a system of linear equations.

O At the same time, a German mathematician called Konrad Zuse designed a general-
purpose machine called Z1.

O In the 1930s, the US Navy and IBM sponsored a project at Harvard University under
the direction of Howard Aiken to build a huge computer called Mark I. This comput-
er used both electrical and mechanical components.

O In England, Alan Turing invented a computer called Colossus that was designed to
break the German Enigma code.

O The first general-purpose, totally electronic computer was made by John Mauchly and
J. Presper Eckert and was called ENIAC (Electronic Numerical Integrator and Calcu-
lator). It was completed in 1946. It used 18000 vacuum tubes, was 100 feet long by
10 feet high, and weighed 30 tons.

Computers based on the von Neumann model

The preceding five computers used memory only for storing data, and were programmed
externally using wires or switches. John von Neumann proposed that the program and the
data should be stored in memory. That way, every time we use a computer to do a new
task, we need only change the program instead of rewiring the machine or turning
hundreds of switches on and off.

The first computer based on von Neumann'’s ideas was made in 1950 at the Universi-
ty of Pennsylvania and was called EDVAC. At the same time, a similar computer called
EDSAC was built by Maurice Wilkes at Cambridge University in England.

1.4.3 Computer generations (1950-present)

Computers built after 1950 more or less follow the von Neumann model. They have
become faster, smaller, and cheaper, but the principle is almost the same. Historians divide
this period into generations, with each generation witnessing some major change in
hardware or software (but not in the model).

First generation

The first generation (roughly 1950-1959) is characterized by the emergence of commercial
computers. During this time, computers were used only by professionals. They were
locked in rooms with access limited only to the operator or computer specialist. Computers
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were bulky and used vacuum tubes as electronic switches. At this time, computers were
affordable only by big organizations.

Second generation

Second-generation computers (roughly 1959-1965) used transistors instead of vacuum
tubes. This reduced the size of computers, as well as their cost, and made them affordable
to small and medium-size corporations. Two high-level programming languages,
FORTRAN and COBOL (see Chapter 9), were invented and made programming easier.
These two languages separated the programming task from the computer operation task.
A civil engineer, for example could write a FORTRAN program to solve a problem
without being involved in the electronic details of computer architecture.

Third generation

The invention of the integrated circuit (transistors, wiring, and other components on a
single chip) reduced the cost and size of computers even further. Minicomputers appeared
on the market. Canned programs, popularly known as software packages, became available.
A small corporation could buy a package, for example for accounting, instead of writing
its own program. A new industry, the software industry, was born. This generation lasted
roughly from 1965 to 1975.

Fourth generation

The fourth generation (approximately 1975-1985) saw the appearance of microcomputers.
The first desktop calculator, the Altair 8800, became available in 1975. Advances in the
electronics industry allowed whole computer subsystems to fit on a single circuit board.
This generation also saw the emergence of computer networks (see Chapter 6).

Fifth generation

This open-ended generation started in 1985. It has witnessed the appearance of laptop
and palmtop computers, improvements in secondary storage media (CD-ROM, DVD, and
so on), the use of multimedia, and the phenomenon of virtual reality.

1.5 COMPUTER SCIENCE AS A DISCIPLINE

With the invention of computers, a new discipline has evolved: computer science. Like any
other discipline, computer science has now divided into several areas. We can divide these
areas into two broad categories: systems areas and applications areas. Systems areas cover
those areas that directly related to the creation of hardware and software, such as computer
architecture, computer networking, security issues, operating systems, algorithms, programming
languages, and software engineering. Applications areas cover those that are related to the
use of computers, such as databases and artificial intelligence. This book is a breadth-first
approach to all of these areas. After reading the book, the reader should have enough
information to select the desired area of specialty.

1
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1.6 OUTLINE OF THE COURSE

After this introductory chapter, the book is divided into five parts.

1.6.1 Part I: Data representation and operation

This part includes Chapters 2, 3, and 4. Chapter 2 discusses number systems, how a
quantity can be represented using symbols. Chapter 3 discusses how different data is
stored inside the computer. Chapter 4 discusses some primitive operations on bits.

1.6.2 Part Il: Computer hardware

This part includes Chapters 5 and 6. Chapter 5 gives a general idea of computer hardware,
discussing different computer organizations. Chapter 6 shows how individual computers
are connected to make computer networks, and internetworks (internets). In particular,
this chapter explores some subjects related to the Internet and its applications.

1.6.3 Part lll: Computer software

This part includes Chapters 7, 8, 9, and 10. Chapter 7 discusses operating systems, the
system software that controls access to the hardware by users—either human or application
programs. Chapter 8 shows how problem solving is reduced to writing an algorithm for
the problem. Chapter 9 takes a journey through the list of contemporary programming
languages. Finally, Chapter 10 is a review of software engineering, the engineering approach
to the development of software.

1.6.4 Part IV: Data organization and abstraction

This part complements Part I. In computer science, atomic data is collected into records,
files, and databases. Data abstraction allows the programmer to create abstract notions
about data. Part IV includes Chapters 11, 12, 13, and 14. Chapter 11 discusses data
structure, collecting data of the same or different type under one category. Chapter 12
discusses abstract data types. Chapter 13 shows how different file structures can be used
for different purposes. Finally, Chapter 14 discusses databases.

1.6.5 Part V: Advanced topics

Part V gives an overview of advanced topics, topics that students of computer science will
encounter later in their education. This part covers Chapters 15, 16, 17, and 18. Chapter 15
discusses data compression, which is prevalent in today’s data communications. Chapter 16
explores some issues to do with security, which is becoming more and more important
when we communicate over insecure channels. Chapter 17 discusses the theory of compu-
tation: what can and cannot be computed. Finally Chapter 18 gives some idea of artificial
intelligence, a topic wih day-to-day challenges in computer science.

1.6.6 Part VI: Social media and social Issues

Part VI briefly discusses social media and social issues, two topics that students of com-
puter science may be interested to explore.
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1.7 END-CHAPTER MATERIALS

1.7.1 Recommended reading
For more details about the subjects discussed in this chapter, the following books are

recommended:

Q Schneider, G. M. and Gersting, J. L. Invitation to Computer Science, Boston, MA: Course
Technology, 2004

Q Dale, N. and Lewis, J. Computer Science lluminated, Sudbury, MA: Jones and Bartlett, 2004

Q  Patt, Y. and Patel, S. Introduction to Computing Systems, New York: McGraw-Hill, 2004

1.7.2 Key terms

algorithm 8 memory 5

arithmetic logic unit (ALU) 5 microcomputer 11
computer languages 8 operating system 9
control unit 5 output data 2

data processor 2 program 2

input data 2 structured programs 9
input/output subsystem 5 software engineering 9
instruction 6 Turing machine 2
integrated circuit 11 Turing model 1

logical operation 5 von Neumann model 1

1.7.3 Summary

a

The idea of a universal computational device was first put forward by Alan Turing
in 1936. He proposed that all computations can be performed by a special kind of a
machine, now called a Turing machine.

The von Neumann model defines a computer as four subsystems: memory, arithmetic
logic unit, control unit, and input/output. The von Neumann model states that the
program must be stored in memory.

We can think of a computer as made up of three components: computer hardware,
data, and computer software.

The history of computing and computers can be divided into three periods: the
period of mechanical machines (before 1930), the period of electronic computers
(1930-1950), and the period that includes the five modern computer generations.
With the invention of computers a new discipline has evolved, computer science, which
is now divided into several areas.

13
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1.8
1.8.1

PRACTICE SET

Quizzes

A set of interactive quizzes for this chapter can be found on the book’s website. It is
strongly recommended that the student takes the quizzes to check his/her understanding
of the materials before continuing with the practice set.

1.8.2

Ql-1.
Q1-2.
Q1-3.
Ql-4.
Q1-5.
Q1-6.
Q1-7.
Q1-8.
Q1-9.
Q1-10.

1.8.3
P1-1.

P1-2.

Review questions

Define a computer based on the Turing model.

Define a computer based on the von Neumann model.

What is the role of a program in a computer that is based on the Turing model?
What is the role of a program in a computer based on the von Neumann model?
What are the various subsystems of a computer?

What is the function of the memory subsystem in a computer?

What is the function of the ALU subsystem in a computer?

What is the function of the control unit subsystem in a computer?

What is the function of the input/output subsystem in a computer?

Briefly describe the five generations of computers.

Problems

Explain why a computer cannot solve a problem for which there is no solution
outside the computer.

If a small cheap computer can do the same thing as a large expensive computer,
why do people need to have a large one?

Do some research and find out whether the Pascaline calculator is a computer
according to the Turing model.

Do some research and find out whether Leibnitz’ Wheel is a computer according
to the Turing model.

Do some research and find out whether the Jacquard Loom is a computer accord-
ing to the Turing model.

Do some research and find out whether Babbage’s Analytical Engine is a com-
puter according to the von Neumann model.

Do some research about the ABC computer and find out whether this computer
followed the von Neumann model.

Do some research and find out in which computer generation keyboards
originated.



CHAPTER 2

Number Systems

This chapter is a prelude to Chapters 3 and 4. In Chapter 3 we will show how data is
stored inside the computer. In Chapter 4 we will show how logic and arithmetic opera-
tions are performed on data. This chapter is a preparation for understanding the contents
of Chapters 3 and 4. Readers who know about number systems can skip this chapter and
move on to Chapter 3 without loss of continuity. Note that the number systems discussed
in this chapter are ‘paper and pencil representations’: we show how these numbers are
stored in a computer in Chapter 3.

Objectives
After studying this chapter, the student should be able to:

Iy Iy Ny Iy Ny

Understand the concept of number systems.

Distinguish between nonpositional and positional number systems.

Describe the decimal system (base 10).

Describe the binary system (base 2).

Describe the hexadecimal system (base 16).

Describe the octal system (base 8).

Convert a number in binary, octal, or hexadecimal to a number in the decimal system.
Convert a number in the decimal system to a number in binary, octal, or hexadecimal.
Convert a number in binary to octal and vice versa.

Convert a number in binary to hexadecimal and vice versa.

Find the number of digits needed in each system to represent a particular value.
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2.1 INTRODUCTION

A number system (or numeral system) defines how a number can be represented using
distinct symbols. A number can be represented differently in different systems. For exam-
ple, the two numbers (2A),, and (52), both refer to the same quantity, (42),,, but their
representations are different. This is the same as using the words cheval (French) and
equus (Latin) to refer to the same entity, a horse.

As we use symbols (characters) to create words in a language, we use symbols (digits)
to represent numbers. However, we know that the number of symbols (characters) in any
language is limited. We need to repeat characters and combine them to create words. It is
the same for numbers: we have a limited number of symbols (digits) to represent num-
bers, which means that the digits need to be repeated.

Several number systems have been used in the past and can be categorized into two
groups: positional and nonpositional systems. Our main goal is to discuss the positional
number systems, but we also give examples of nonpositional systems.

2.2 POSITIONAL NUMBER SYSTEMS

In a positional number system, the position a symbol occupies in the number determines
the value it represents. In this system, a number represented as:

(S, $,5,5: 5,5, S,

has the value of:

n=x § xb“'+. .. +S xb'+S Xb°
+ S Xb7'+S ,xb2+...4+5 xbt

in which S is the set of symbols, b is the base (or radix), which is equal to the total num-
ber of the symbols in the set S, and S, and S, are symbols in the whole and fraction parts
of the number. Note that we have used an expression that can be extended from the right
or from the left. In other words, the power of b can be 0 to K — 1 in one direction and
—1 to —L in the other direction. The terms with non negative powers of b are related to
the integral part of the number, while the terms with negative power of b are related to
the fractional part of the number. The * sign shows that the number can be either posi-
tive or negative. We will study several positional number systems in this chapter.

2.2.1 The decimal system (base 10)

The first positional number system we discuss in this chapter is the decimal system. The
word decimal is derived from the Latin root decem (ten). In this system the base b = 10
and we use ten symbols to represent a number. The set of symbolsis S = {0, 1, 2, 3, 4, 5,
6, 7, 8, 9}. As we know, the symbols in this system are often referred to as decimal digits
or just digits. In this chapter, we use * to show that a number can be positive or negative,
but remember that these signs are not stored in computers—computers handle the sign
differently, as we discuss in Chapter 3.



2.2 Positional Number Systems 17

Computers store positive and negative numbers differently.

In the decimal system, a number is written as:
+ (S, 5,55, 5,5, S )

but for simplicity, we often drop the parentheses, the base, and the plus sign (if the num-
ber is positive). For example, we write the number +(552.23), as 552.23—the base and
plus signs are implicit.

Integers

An integer (an integral number with no fractional part) in the decimal system is familiar
to all of us—we use integers in our daily life. In fact, we have used them so much that they
are intuitive. We represent an integer as +S, | ... S| S,. The value is calculated as:

N=zx S _ x10"+5,  x 1052+ . +5,x 102+ 5, x 10"+ S, X 10°

in which S,is a digit, b = 10 is the base, and K is the number of digits.

Another way to show an integer in a number system is to use place values, which are
powers of 10 (10°, 10, ..., 10%°!) for decimal numbers. Figure 2.1 shows an integer in the
decimal system using place values.

Figure 2.1 Place value for an integer in decimal system

1051 1052 R 10? 10! 10°  Place values

+ | Se S .o S, S, S, | Number

| | | | |

N=+S,_ x1051+ S, ,x 1052 + eee + S x10> + S x100 + S x10° Values

Example 2.1
The following shows the place values for the integer +224 in the decimal system:

10?2 10’ 100 Place values
2 2 4 Number
N = + 2xX10?2 + 2x10 + 4 x10° Values

Note that the digit in position 1 has the value 20, but the same digit in position 2 has the
value 200. Also note that we normally drop the plus sign, but it is implicit.
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Example 2.2

The following shows the place values for the decimal number —7508. We have used 1, 10,
100, and 1000 instead of powers of 10:

1000 100 10 1 Place values
7 5 0 8 Number
N = -— (7 X 1000 + 5X 100 + 0X10 + 8X1) Values

Maximum value

Sometimes we need to know the maximum value of a decimal integer that can be repre-
sented by K digits. The answer is N__ = 10% — 1. For example, if K = 5, then the maxi-
mum valueis N_ = 10> — 1 = 99999.

Reals

A real (a number with a fractional part) in the decimal system is also familiar. For example,
we use this system to show dollars and cents ($23.40). We can represent a real as + S, | ...
S, S,¢S, ... S,. The value is calculated as:

Integral part Fractional part

R==x5 ,x10"+ ..+ x10"+ 5 x 10° + S,x10"+ ... +5 x10"
in which S, is a digit, b = 10 is the base, K is the number of digits in the integral part, and
L is the number of digits in the fractional part. The decimal point we use in our
representation separates the fractional part from the integral part.

Example 2.3
The following shows the place values for the real number +24.13:
10 10° 107! 1072 Place values
2 4 o 1 3 Number
R=+ 2X%10 +  4X1 + 1Xx0.1 + 3X0.01 Values

2.2.2 The binary system (base 2)

The second positional number system we discuss in this chapter is the binary sys-
tem. The word binary is derived from the Latin root bini (or two by two). In this
system the base b = 2 and we use only two symbols, S = {0, 1}. The symbols in this
system are often referred to as binary digits or bits (binary digit). As we will see in
Chapter 3, data and programs are stored in the computer using binary patterns, a
string of bits. This is because the computer is made of electronic switches that can
have only two states, on and off. The bit 1 represents one of these two states and the
bit O the other.
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Integers
We can represent an integer as * (S, ... S, S ),. The value is calculated as:

N==S§  x2¢<7+S5 x2K2+ . +5,%X22+S x2'+5 % 2°

in which S, is a digit, b = 2 is the base, and K is the number of bits. Another way to show
a binary number is to use place values (2°, 2, ... 2X-1). Figure 2.2 shows a number in the
binary number system using place values:

Figure 2.2 Place values in an integer in the binary system

2K 2K-2 coe 22 2! 20 Place values

+[s Se, een s, S, S, | Number

| | | | |

N=+ S x281 + S ,x262 + eee + S§x22 + S x2' + S x2° Values

Example 2.4

The following shows that the number (11001), in binary is the same as 25 in decimal. The
subscript 2 shows that the base is 2:

s 23 2? 2l 7 Place values
1 1 0 0 1 Number
N= 1x2* + 1Tx22 + 0x22 + O0x2' + 1 X2° Decimal

Note that the equivalent decimal numberis N =16 + 8+ 0 + 0 + 1 = 25.

Maximum value

The maximum value of a binary integer with K digits is N_ = 2X — 1. For example, if
K =5, then the maximum valueis N_ = 25-1 = 31.

Reals

A real—a number with an optional fractional part—in the binary system can be made of
K bits on the left and L bits on the right, = (S, | ... S, S, ¢S, ... S),. The value can be
calculated as:

Integral part o Fractional part
R==+ 5  X2¢'x ... x§X2'x§x2 + S, X2'+ ...+ S5 x2t

K
in which S, is a bit, b = 2 is the base, K is the number of bits to the left, and L is the num-
ber of bits to the right of the decimal point. Note that K starts from 0, but L starts from
—1. The highest power is K — 1 and the lowest power is —L.

19
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Example 2.5

The following shows that the number (101.11), in binary is equal to the number 5.75 in
decimal:

D2 2 70 21 =2 Place values
1 0 1 ° 1 1 Number
R = 1%Xx2 + 0x2' + 1%Xx2° + 1x27 + 1X2?% Values

Note that the value in the decimal systemisR =4 4+ 0+ 1 + 0.5 + 0.25 = 5.75.

2.2.3 The hexadecimal system (base 16)

Although the binary system is used to store data in computers, it is not convenient for
representation of numbers outside the computer, as a number in binary notation is much
longer than the corresponding number in decimal notation. However, the decimal system
does not show what is stored in the computer as binary directly—there is no obvious
relationship between the number of bits in binary and the number of decimal digits.
Conversion from one to the other is not fast, as we will see shortly.

To overcome this problem, two positional systems were devised: hexadecimal and
octal. We first discuss the hexadecimal system, which is more common. The word hexadec-
imal is derived from the Greek root hex (six) and the Latin root decem (ten). To be consis-
tent with decimal and binary, it should really have been called sexadecimal, from the Latin
roots sex and decem. In this system the base b = 16 and we use 16 symbols to represent a
number. The set of symbolsis S = {0, 1,2,3,4,5,6,7,8,9,A, B, C, D, E, F}. Note that the
symbols A, B, C, D, E, F (uppercase or lowercase) are equivalent to 10, 11, 12, 13, 14, and
15 respectively. The symbols in this system are often referred to as hexadecimal digits.

Integers
We can represent an integer as + S, ... S, S.. The value is calculated as:

N=+xS§ X16“"+S, ,x162+ ... +5 %X16*°+S X 16"+ S, X 16°
in which S, is a digit, b = 16 is the base, and K is the number of digits.

Another way to show a hexadecimal number is to use place values (16°, 161, ..., 165 1).
Figure 2.3 shows a number in the hexadecimal number system using place values.

Figure 2.3 Place values in an integer in the hexadecimal system

1651 1652 e 162 16! 16°  Place values

X | o Number

! ! ! ! !

N= 5., x 165"+ S x 1652 + eee  + S x162 + S x16' + S x16° Values

+|s S S S S
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Example 2.6

The following shows that the number (2AE),, in hexadecimal is equivalent to 686 in
decimal:

162 16! 16° Place values
2 A E Number
N = 2X162 + 10X 16’ + 14X 16° Values

Note that the value in the decimal system is N = 512 + 160 + 14 = 686.

Maximum value

The maximum value of a hexadecimal integer with K digitsis N = 16X~ 1. For example,
if K = 5, then the maximum valueis N__ = 16°-1 = 1048575.

Reals

Although a real number can be also represented in the hexadecimal system, it is not very
common.

2.2.4 The octal system (base 8)

The second system that was devised to show the equivalent of the binary system outside
the computer is the octal system. The word octal is derived from the Latin root octo
(eight). In this system the base b = 8 and we use eight symbols to represent a number. The
set of symbolsis S = {0, 1, 2, 3, 4, 5, 6, 7}. The symbols in this system are often referred
to as octal digits.

Integers

We can represent an integer as * S, | ... S| S,. The value is calculated as:
N==S  xX8'1+S5 X872+ . +5 X8+S5 X8'+S5 X8

in which S, is a digit, b = 8 is the base, and K is the number of digits.
Another way to show an octal number is to use place values (8°, 8!, ..., 8%°1).
Figure 2.4 shows a number in the octal number system using place values.

Figure 2.4 Place values in an integer in the octal system

gK-1 gK-2 cee 82 8! 8% Place values

S S

0

| | | | |

N= #S, x8¢1 +8S, x82 + see + S x8 + S x8 + 8 x8 Values

+ | S, S 000 S Number

1
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Example 2.7
The following shows that the number (1256), in octal is the same as 686 in decimal:
8 82 8! 8° Place values
1 2 5 6 Number
N = 1x8 + 2x8 + 5x8 + 6XxX8° Values

Note that the decimal numberis N = 512 + 128 + 40 + 6 = 686.

Maximum Value

The maximum value of an octal integer with K digits is N_ = 8% — 1. For example, if
K =5, then the maximum valueis N_ = 8 -1 = 32767.

Reals

Although a real number can be also represented in the octal system, it is not very common.

2.2.5 Summary of the four positional systems

Table 2.1 shows a summary of the four positional number systems discussed in this
chapter.

Table 2.1 Summary of the four positional number systems

System Base Symbols Examples
Decimal 10 0,1,23,4,5,6,7,89 2345.56
Binary 2 0,1 (1001.11),
Octal 8 0,1,23,4,56,7 (156.23),
Hexadecimal 16 0,1,23,4,56,7,89A,B,CD,EF |[(A2CAT),

Table 2.2 shows how the number 15 is represented with two digits in decimal, four digits
in binary, two digits in octal, and only one digit in hexadecimal. The hexadecimal repre-
sentation is definitely the shortest.

Table 2.2 Comparison of numbers in the four systems

Decimal Binary Octal Hexadecimal
0 0 0 0
1 1 1 1
2 10 2 2
3 11 3 3
4 100 4 4




Table 2.2 (Continued)

2.2 Positional Number Systems

Decimal Binary Octal Hexadecimal
5 101 5 5
6 110 6 6
7 111 7 7
8 1000 10 8
9 1001 11 9
10 1010 12 A
11 1011 13 B
12 1100 14 C
13 1101 15 D
14 1110 16 E
15 1111 17 F

2.2.6 Conversion

We need to know how to convert a number in one system to the equivalent number in another
system. Since the decimal system is more familiar than the other systems, we first show how
to covert from any base to decimal. Then we show how to convert from decimal to any base.
Finally, we show how we can easily convert from binary to hexadecimal or octal and vice versa.

Any base to decimal conversion

This type of conversion is easy and fast. We multiply each digit with its place value in the
source system and add the results to get the number in the decimal system. Figure 2.5

shows the idea.

Figure 2.5 Converting other bases to decimal

Decimal point

Skt | eee |s1| |so| v |s,1|

bk-1 oo bl

Sg_r X bET+eee +§)x b0+ Sy x b0 +

bo

b-!

b,z see

b-L

S_xb 1+ S_pxb2+ eee +S xbL

Binary

Place values

Multiplication

Decimal
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Example 2.8

The following shows how to convert the binary number (110.11), to decimal: (110.11),
=6.75:

Binary 1 1 0 ° 1 1
Place values 22 2 20 Pl P
Partial results 4 + 2 + 0 + 0.5 + 0.25
Decimal: 6.75

Example 2.9

The following shows how to convert the hexadecimal number (1A.23)  to decimal:

Hexadecimal 1 A o 2 3
Place values 16’ 16° 167" 162
Partial result 16 + 10 + 0.125 + 0.012

Decimal: 26.137

Note that the result in the decimal notation is not exact, because 3 X 1672 = 0.01171875.
We have rounded this value to three digits (0.012). In other words, (1A.23) = 26.137.
When we convert a number in decimal to hexadecimal, we need to specify how many
digits we allow to the right of the decimal point.

Example 2.10
The following shows how to convert (23.17), to decimal:

Octal 2 3 ° 1 7
Place values 8! 8° 8’ 872
Partial result 16 + 3 + 0.125 + 0.109

Decimal: 19.234

This means that (23.17), ~ 19.234 in decimal. Again, we have rounded up 7 X
82 =0.109375.

Decimal to any base

We can convert a decimal number to its equivalent in any base. We need two procedures,
one for the integral part and one for the fractional part.

Converting the integral part

The integral part can be converted using repetitive division. Figure 2.6 shows the UML
diagram for the process. We use UML diagrams through the book. For those readers not
familiar with UML diagrams, please see Appendix B.
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Figure 2.6 Algorithm to convert the integral part

Given:
source and base
Create an

empty destination

Source: integral part of decimal number
Destination: integral part of converted number
Base: destination base

Condition: quotient is zero

Divide source
by base

Insert remainder
at the left of
destination

Quotient becomes
new source

[Condition is true]
Return:
""" destination

We call the integral part of the decimal number the source and the integral part of the
converted number the destination. We first create an empty destination. We then repeti-
tively divide the source to get the quotient and the remainder. The remainder is inserted
to the left of the destination. The quotient becomes a new source. Figure 2.7 shows how
the destination is made with each repetition.

Figure 2.7 Converting the integral part

. Divide by b
E 4—“ Q: Quotients
R: Remainders
R R R Rl S: Source
D: Destination
D | D, coe D, | D;: Destination digit

We use Figure 2.6 to illustrate the process manually with some examples.

Example 2.11

The following shows how to convert 35 in decimal to binary. We start with the number in

decimal, we move to the left while continuously finding the quotients and the remainder
of division by 2. The result is 35 = (100011),:

0@1(—2&4@8(—17%“Decimal
l l l

0 0 0 1 1 Binary

25
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Example 2.12

The following shows how to convert 126 in decimal to its equivalent in the octal system.
We move to the right while continuously finding the quotients and the remainder of
division by 8. The result is 126 = (176),:

0 «— 1 «— 15 «— (P Decimal
N l l
1 7 6 Octal

Example 2.13

The following shows how we convert 126 in decimal to its equivalent in the hexadecimal
system. We move to the right while continuously finding the quotients and the remainder
of division by 16. The result is 126 = (7E),:

0 «— 7 «— (P Decimal
d N

E Hexadecimal

Converting the fractional part

The fractional part can be converted using repetitive multiplication. We call the fractional
part of the decimal number the source and the fractional part of the converted number the
destination. We first create an empty destination. We then repetitively multiply the source
to get the result. The integral part of the result is inserted to the right of the destination,
while the fractional part becomes the new source. Figure 2.8 shows the UML diagram for
the process. Figure 2.9 shows how the destination is made in each repetition. We use the
figure to illustrate the process manually with some examples.

Figure 2.8 Algorithm to convert the fractional part

Given:
source and base
Create an

empty destination

LV

Source: fraction part of decimal number
Destination: fraction part of converted number

Condition: Fraction part is zero or destination
digits are enough

Multiply source by
base to get a result

Insert integral
part of result at
right of destination

Fraction part of
result becomes
new source

[Condition is true]

Return:
Stop =="1 destination
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Figure 2.9 Converting the fractional part

Multiply by b
LXX} I: Integral part
LN}
|

F: Fractional part
1 I 1 l
sz

S: Source
D | D7] D eee D—l

—

D: Destination
D;: Destination digit

Note:
The fraction may never become zero.
Stop when enough digits have been created.

Example 2.14
Convert the decimal number 0.625 to binary.

Solution

Since the number 0.625 has no integral part, the example shows how the fractional part
is calculated. The base here is 2. Write the decimal number at the left corner. Multiply the
number continuously by 2 and record the integral and fractional part of the result. The
fractional part moves to the right, and the integral part is recorded under each operation.
Stop when the fractional part is O or there are enough bits. The result is (0.101),:

Decimal 0.625 - 0.25 - 0.50 - 0.00
2 \2 d
Binary o 1 0 1
Example 2.15

The following shows how to convert 0.634 to octal using a maximum of four digits. The
result is 0.634 = (0.5044),. Note that we multiply by 8 (base octal):

Decimal (e — 0072 —> 0576 — 0.608 — 0.864
d d d d
Octal ° 5 0 4 4
Example 2.16

The following shows how to convert 178.6 in decimal to hexadecimal using only one digit
to the right of the decimal point. The result is 178.6 = (B2.9),, Note that we divide or
multiply by 16 (base hexadecimal):

Decimal 0 — 11 “— ° m — 0.6
l l

\

Hexadecimal B 2 ° 9

27
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Example 2.17

An alternative method for converting a small decimal integer (usually less than 256) to
binary is to break the number as the sum of numbers that are equivalent to the binary
place values:

Place values 27 2 25 24 23 22 2! 20
Decimal equivalent 128 64 32 16 8 4 2 1
Using this table, we can convert 165 to binary (10100101), as shown below:

Decimal165=128 + O + 32 4+ o0 + 0 + 4 + 0 + 1
Binary 1 0 1 0 0 1 0 1

Example 2.18

A similar method can be used to convert a decimal fraction to binary when the denominator
is a power of two:

Place values 271 272 273 27 275 26 27

Decimal equivalent % Va Vs Y16 2 Yea Yh2s
Using this table, we convert ?4 to binary (0.011011), as shown below:

Decimal = 7 %4 + 64 + Y4 + Yea

Va + % + Va2 +  Yea

Align these fractions according to decimal equivalent values. Note that since "2 and V16 are
missing, we replace them with Os:

Decimal 7 = o + %+ e + 0 + Vo + Ve
Binary 0 1 1 0 1 1
Number of digits

We often need to know the number of digits before converting a number from decimal to
other bases. In a positional number system with base b, we can always find the number of
digits of an integer using the relation K = |—logb N1, in which [x ] means the smallest integer
greater than or equal to x (it is also called the ceiling of x), and N is the decimal value of
the integer. For example, we can find the required number of bits in the decimal number
234 in all four systems as follows:

a. In decimal: K, = [log , 2341=[2.371= 3, which is obvious.

b. In binary: K, = [log, 2341 =[7.81= 8. This is true because 234 = (11101010),
c. Inoctal: K = rlog8 234]=[2.621= 3. This is true because 234 = (352),

d. In hexadecimal K, = [log,, 2341=[1.961= 2. This is true because 234 = (EA),,

See Appendix G for information on how to calculate log, N if your calculator does not
include logs to any base.
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Binary-hexadecimal conversion

We can easily change a number from binary to hexadecimal and vice versa. The reason is that
there is a relationship between the two bases: four bits in binary is one digit in hexadecimal.
Figure 2.10 shows how this conversion can be done.

Figure 2.10 Binary to hexadecimal and hexadecimal to binary

B: Binary digit (bit) H,: Hexadecimal digit

B, B, B, B, |+ [B, B B, BB B B B Binary

m-2"" m-3

Hexadecimal

Example 2.19

Show the hexadecimal equivalent of the binary number (10011100010),.

Solution

We first arrange the binary number in 4-bit patterns: 100 1110 0010. Note that the

leftmost pattern can have one to four bits. We then use the equivalent of each pattern
shown in Table 2.2 in section 2.2.5 to change the number to hexadecimal: (4E2),.

Example 2.20
What is the binary equivalent of (24C),?
Solution

Each hexadecimal digit is converted to 4-bit patterns: 2 — 0010, 4 — 0100, and C —
1100. The result is (001001001100),.

Binary-octal conversion

We can easily convert a number from binary to octal and vice versa. The reason is that there is
an interesting relationship between the two bases: three bits is one octal digit. Figure 2.11
shows how this conversion can be done.

Figure 2.11 Binary to octal conversion

B.: Binary digit (bit) O Octal digit

B, B, B <. |B, B, B|

5 4

B, B, B

2 1 0

Binary

Octal
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Example 2.21
Show the octal equivalent of the binary number (101110010),.

Solution
Each group of three bits is translated into one octal digit. The equivalent of each 3-bit
group is shown in Table 2.2 in section 2.2.5. The result is (562),.

Example 2.22
What is the binary equivalent of for (24),?

Solution
Write each octal digit as its equivalent bit pattern to get (010100),.

Octal-hexadecimal conversion

It is not difficult to convert a number in octal to hexadecimal or vice versa. We can use the
binary system as the intermediate system. Figure 2.12 shows an example.

Figure 2.12 Octal to hexadecimal and hexadecimal to octal conversion

‘ 4 1 1 6 | Octal
r I 1T 1 1T 1T 1

[t 0 0 0o 0 1 0 0 1 1 1 o0Binay
L [ |1 |

! !

| 8 4 E | Hexadecimal

The following illustrates the process:

O To convert from octal to hexadecimal, we first convert the number in the octal system
to binary. We then rearrange the bits in groups of four bits to find the hexadecimal
equivalent.

Q To convert from hexadecimal to octal, we first convert the number in the hexadeci-
mal system to binary. We then rearrange the bits in groups of three to find the octal
equivalent.

Number of digits

In conversion from one base to another, we often need to know the minimum number of
digits we need in the destination system if we know the maximum number of digits in the
source system. For example, if we know that we use at most six decimal digits in the source
system, we want to know the minimum number of binary digits we need in the destination
system. In general, assume that we are using K digits in base b, system. The maximum
number we can represent in the source system is b * — 1. The maximum number we can
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have in the destination system is bX — 1. Therefore, b — 1 = bX — 1. This means b¥ = b¥,
which means:

x=K x (logb,/logb,) or x =[K % (logb,/logb,)]

Example 2.23

Find the minimum number of binary digits required to store decimal integers with a
maximum of six digits.

Solution

K =6,b,=10,and b, = 2. Then x = [K X (logb, / logb,)1 =16 x (1/0.30103)] =
20. The largest six-digit decimal number is 999 999 and the largest 20-bit binary number
is 1048575. Note that the largest number that can be represented by a 19-bit number is
524287, which is smaller than 999 999. We definitely need 20 bits.

2.3 NONPOSITIONAL NUMBER SYSTEMS

Although nonpositional number systems are not used in computers, we give a short review
here for comparison with positional number systems. A nonpositional number system still
uses a limited number of symbols in which each symbol has a value. However, the position
a symbol occupies in the number normally bears no relation to its value—the value of
each symbol is fixed. To find the value of a number, we add the value of all symbols

present in the representation. In this system, a number is represented as:
S, ..5,5595 .5, .5

L

and has the value of:

Integral part Fractional part

n=% S . +.+S5+S + S +S5 ., +..+5,

There are some exceptions to the addition rule we just mentioned, as shown in Example 2.24.

Example 2.24

The Roman number system is a good example of a nonpositional number system. This
system was invented by the Romans and was used until the sixteenth century in Europe.
Roman numerals are still used in sports events, clock dials, and other applications. This
number system has a set of symbols S = {I, V, X, L, C, D, M}. The values of each symbol
are shown in Table 2.3.

Table 2.3 Values of symbols in the Roman number system

Symbol | \Y X L C D M

Value 1 5 10 50 100 500 | 1000
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To find the value of a number, we need to add the value of symbols subject to specific

rules:

1. When a symbol with a smaller value is placed after a symbol having an equal or larger
value, the values are added.

2. When a symbol with a smaller value is placed before a symbol having a larger value,
the smaller value is subtracted from the larger one.

3. Asymbol S, cannot come before another symbol S, if S, =10 X S,. For example, I or
V cannot come before C.

4. For large numbers a bar is placed above any of the six symbols (all symbols except I)
to express multiplication by 1000. For example, V = 5000 and M = 1000 000.

5. Although Romans used the word nulla (nothing) to convey the concept of zero, the

Roman numerals lack a zero digit in their system.

The following shows some Roman numbers and their values:

[ - 1+1+1 = 3

\Y - 5-1 =

VI - 5+1+1+1 = 8
XV - 10+5+1+1+1 = 18
XIX - 10+ (10 -1) = 19
LXXII - 50+10+10+1+1 = 72
cl — 100 + 1 = 101
MMVII — 1000+ 1000 +5+ 1+ 1 = 2007
MDC — 1000 + 500 + 100 = 1600

2.4 END-CHAPTER MATERIALS

2.4.1 Recommended reading

For more details about the subjects discussed in this chapter, the following books are
recommended:

a

a
a

Stalling, W. Computer Organization and Architecture, Upper Saddle River, NIJ:
Prentice-Hall, 2000

Mano, M. Computer System Architecture, Upper Saddle River, NJ: Prentice-Hall, 1993

Null, L. and Lobur, J. Computer Organization and Architecture, Sudbury, MA: Jones
and Bartlett, 2003

Brown, S. and Vranesic, Z. Fundamentals of Digital Logic with Verilog Design, New York:
McGraw-Hill, 2003



2.4 End-Chapter Materials

2.4.2 Key terms

base 16 nonpositional number system 31
binary digit 18 number system 16

binary system 18 octal digit 21

bit 18 octal system 21

decimal digit 16 place value 17

decimal system 16 positional number system 16
hexadecimal digit 20 radix 16

hexadecimal system 20 real 18

integer 17 Roman number system 31

2.4.3 Summary

a

A number system (or numeral system) is a system that uses distinct symbols to repre-
sent a number. In a positional number system, the position a symbol occupies in the
number determines the value it represents. Each position has a place value associated
with it. A nonpositional number system uses a limited number of symbols in which
each symbol has a value. However, the position a symbol occupies in the number
normally bears no relation to its value: the value of each symbol is normally fixed.

In the decimal system, the base b = 10 and we use ten symbols to represent numbers.
The symbols in this system are often referred to as decimal digits or just digits. In the
binary system, the base b = 2 and we use only two symbols to represent numbers. The
symbols in this system are often referred to as binary digits or bits. In a hexadecimal
system, the base = 16 and we use 16 symbols to represent numbers. The symbols in
this system are often referred to as hexadecimal digits. In an octal system, the base
b = 8 and we use eight symbols to represent numbers. The symbols in this system
are often referred to as octal digits.

We can convert a number in any system to decimal. We multiply each digit with its
place value in the source system and add the result to get the number in the decimal
system. We can convert a decimal number to its equivalent in any base using two
different procedures, one for the integral part and one for the fractional part. The inte-
gral part needs repeated division and the fraction part needs repeated multiplication.

Conversion from the binary system to the hexadecimal system and from the hexadec-
imal system to the binary system is very easy, because four bits in the binary system
are represented as one digit in the hexadecimal system.

Conversion from the binary system to the octal system and from the octal system to
the binary system is very easy, because three bits in the binary system are represented
as one digit in the octal system.
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2.5
2.5.1

PRACTICE SET

Quizzes

A set of interactive quizzes for this chapter can be found on the book’s website. It is
strongly recommended that the student takes the quizzes to check his/her understanding
of the materials before continuing with the practice set.

2.5.2
Q2-1.
Q2-2.
Q2-3.
Q2-4.
Q2-5.
Q2-6.
Q2-7.

Q2-8.
Q2-9.

Q2-10.

2.5.3

P2-1.

P2-2.

P2-3.

P2-4.

Review questions

Define a number system.
Distinguish between positional and nonpositional number systems.

Define the base or radix in a positional number system. What is the relationship
between a base and the number of symbols in a positional number system?

Explain the decimal system. Why is it called decimal? What is the base in this
system?

Explain the binary system. Why is it called binary? What is the base in this system?
Explain the octal system. Why is it called octal? What is the base in this system?
Explain the hexadecimal system. Why is it called hexadecimal? What is the base
in this system?

Why is it easy to convert from binary to hexadecimal and vice versa?

How many bits in the binary system are represented by one digit in the hexadec-
imal system?

How many bits in the binary system are represented by one digit in the octal
system?

Problems

Convert the following binary numbers to decimal without using a calculator,
showing your work:

a. (01101), c. (011110.01),

b. (1011000), d. (111111.111),

Convert the following hexadecimal numbers to decimal without using a calcula-
tor, showing your work:

a. (AB2),, c. (ABB),,
b. (123),, d. 3SEED),,

Convert the following octal numbers to decimal without using a calculator, show-
ing your work:

a. (237), c. (617.7),

b. (2731), d. (21.11),

Convert the following decimal numbers to binary without using a calculator,
showing your work:

a. 1234 c. 124.02
b. 88 d. 14.56



P2-5.

P2-6.

P2-7.

P2-8.

P2-9.

P2-10.

P2-11.

P2-12.

P2-13.

P2-14.

2.5 Practice Set

Convert the following decimal numbers to octal without using a calculator, show-
ing your work:

a. 1156 c. 114
b. 99 d. 72.8

Convert the following decimal numbers to hexadecimal without using a calcu-
lator, showing your work:

a. 567 c. 12.13
b. 1411 d. 16

Convert the following octal numbers to hexadecimal without using a calculator,
showing your work:

a. (514), c. (13.7),

b. (411), d. (1256),

Convert the following hexadecimal numbers to octal without using a calculator,
showing your work:

a. (51A), c. (BB.C),,
b. (4E1),, d. (ABCD),,

Convert the following binary numbers to octal without using a calculator, show-
ing your work:

a. (01101), c. (011110.01),

b. (1011000), d. (111111.111),

Convert the following binary numbers to hexadecimal without using a calculator,
showing your work:

a. (01101), c. (011110.01),

b. (1011000), d. (111111.111),

Convert the following decimal numbers to binary using the alternative method
discussed in Example 2.17, showing your work:

a. 121 c. 255
b. 78 d. 214

Change the following decimal numbers into binary using the alternative method
discussed in Example 2.18, showing your work:

a. 3%k c. 4 B
b. 12 3% d. 12 Y

In a positional number system with base b, the largest integer number that can
be represented using K digits is bX — 1. Find the largest number in each of the
following systems with six digits:

a. Binary c. Hexadecimal

b. Decimal d. Octal

Without converting, find the minimum number of digits needed in the destina-
tion system for each of the following cases:

a. Five-digit decimal number converted to binary.
b. Four-digit decimal converted to octal.
c. Seven-digit decimal converted to hexadecimal.
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P2-15.

P2-16.

P2-17.

P2-18.

P2-19.

P2-20.

P2-21.

Without converting, find the minimum number of digits needed in the destina-
tion system for each of the following cases:

a. 5-bit binary number converted to decimal.
b. Three-digit octal number converted to decimal.
c. Three-digit hexadecimal converted to decimal.

The following table shows how to rewrite a fraction so the denominator is a
power of two (1,4, 8, 16, and so on).

Original New Original New

0.5 Y2 0.25 Va
0.125 Ve 0.0625 Vi
0.03125 V52 0.015625 YVea

However, sometimes we need a combination of entries to find the appropriate
fraction. For example, 0.625 is not in the table, but we know that 0.625 is 0.5 +
0.125. This means that 0.625 can be written as 2 + %, or %.

Change the following decimal fractions to a fraction with a power of 2.

a. 0.1875 c. 0.40625

b. 0.640625 d. 0.375

Using the results of the previous problem, change the following decimal numbers
to binary numbers.

a. 7.1875 c. 11.40625

b. 12.640625 d. 0.375

Find the maximum value of an integer in each of the following cases:
a.b=10K =10 . b=8K=38
b.b=2,K=12 d.b=16K=7

Find the minimum number of required bits to store the following integers:
a. less than 1000

b. less than 100000

c. less than 64

d. less than 256

A number less than bX can be represented using K digits in base b. Show the num-
ber of digits needed in each of the following cases.

a. Integers less than 2'* in binary

b. Integers less than 10° in decimal

c. Integers less than 83 in octal

d. Integers less than 16* in hexadecimal

A common base used on the Internet is b = 256. We need 256 symbols to rep-
resent a number in this system. Instead of creating this large number of symbols,
the designers of this system have used decimal numbers to represent a symbol:
0 to 255. In other words, the set of symbolsis S = {0, 1, 2, 3, ..., 255}. A number
in this system is always in the format S,.S,.S..S, with four symbols and three dots
that separate the symbols. The system is used to define Internet addresses (see



P2-22.

P2-23.

P2-24.

P2-25.

P2-26.

P2-27.

2.5 Practice Set

Chapter 6). An example of an address in this system is 10.200.14.72, which is
equivalent to 10 X 256° + 200 X 256% 4+ 14 X 256! + 72 X 256° = 180883016
in decimal. This number system is called dotted decimal notation. Find the decimal
value of each of the following Internet addresses:

a. 17.234.34.14 c. 110.14.56.78

b. 14.56.234.56 d. 24.56.13.11

Internet addresses described in the previous problem are also represented as pat-
terns of bits. In this case, 32 bits are used to represent an address, eight bits for
each symbol in dotted decimal notation. For example, the address 10.200.14.72
can also be represented as 00001010 11001000 00001110 01001000. Show the
bit representation of the following Internet addresses:

a. 17.234.34.14 c. 110.14.56.78
b. 14.56.234.56 d. 24.56.13.11
Write the decimal equivalent of the following Roman numbers:
a. XV c. VLIII

b. XXVII d. MCLVII
Convert the following decimal numbers to Roman numbers:
a. 17 c. 82

b. 38 d. 999

Find which of the following Roman numerals are not valid:
a. MMIM c. CVC

b. MIC d. VX

Mayan civilization invented a positional vigesimal (base 20) numeral system, called
the Mayan numeral system. They use base 20 probably because they used both their
fingers and toes for counting. This system has 20 symbols that are constructed from
three simpler symbols. The advanced feature of the system is that it has a symbol for
zero, which is a shell. The other two symbols are a circle (or a pebble) for one and
a horizontal bar (or a stick) for five. To represent a number greater than nineteen,
numerals are written vertically. Search the Internet to answer the following: what
are the decimal numbers 12, 123, 452, and 1256 in the Mayan numeral system?

The Babylonian civilization is credited with developing the first positional numeral
system, called the Babylonian numeral system. They inherited the Sumerian and Akka-
dian numeral system and developed it into positional sexagesimal system (base 60).
This base is still used today for times and angles. For example, one hour is 60 minutes
and one minute is 60 seconds: similarly, one degree is 60 minutes and one minute is
60 seconds. As a positional system with base b requires b symbols (digits), we expect
a positional sexagesimal system to require 60 symbols. However, the Babylonians did
not have a symbol for zero, and produced the other 59 symbols by stacking two sym-
bols, those for one and ten. Search the Internet to answer the following questions:

a. Express the following decimal numbers in Babylonian numerals: 11291, 3646,
3582.

b. Mention problems that might arise from not having a symbol for 0. Find how
the Babylonian numeral system addresses the problem.
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CHAPTER 3
Data Storage

As discussed in Chapter 1, a computer is a programmable data processing machine. Before
we can talk about processing data, we need to understand the nature of data. In this
chapter we discuss different data types and how they are stored inside a computer.
In Chapter 4, we show how data is manipulated inside a computer.

Objectives
After studying this chapter, the student should be able to:

Iy Iy Iy Ny Ay

U

List five different data types used in a computer.

Describe how different data is stored inside the computer as bit patterns.

Describe how integers are stored in a computer using unsigned format.

Describe how integers are stored in a computer using sign-and-magnitude format.
Describe how integers are stored in two’s complement format.

Describe how reals are stored in a computer using floating-point format.

Describe how text is stored in a computer using one of the various encoding systems.
Describe how audio is stored in a computer using sampling, quantization, and encoding.

Describe how images are stored in a computer using raster and vector graphics
schemes.

Describe how video is stored in a computer as a representation of images changing
in time.
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3.1 DATA TYPES

Data today come in different forms including numbers, text, audio, images, and video (Figure 3.1).

Figure 3.1 Different types of data

Data I
|

|
|Numbers I| Text I| Audio I| Images || Video I

People need to be able to process many different types of data:

O  An engineering program uses a computer mainly to process numbers: to do arithme-
tic, to solve algebraic or trigonometric equations, to find the roots of a differential
equation, and so on.

O A word processing program, on the other hand, uses a computer mainly to process
text: justify, move, delete, and so on.

Q A computer also handles audio data. We can play music on a computer and can record
sound as data.

0  An image processing program uses a computer to manipulate images: create, shrink,
expand, rotate, and so on.

Q  Finally, a computer can be used not only to show movies, but also to create the special
effects seen in movies.

The computer industry uses the term ‘multimedia’ to define information

that contains numbers, text, audio, images, and video.

3.1.1 Data inside the computer

All data types are transformed into a uniform representation when they are stored in a
computer and transformed back to their original form when retrieved. This universal
representation is called a bit pattern, as discussed shortly.

Bits

A bit (binary digit) is the smallest unit of data that can be stored in a computer and has
a value of 0 or 1. A bit represents the state of a device that can take one of two states.
For example, a switch can be on or off. A convention can be established to represent the
‘on’ state as 1 and the ‘off’ state as 0, or vice versa. In this way, a switch can store one bit
of information. Today, computers use various two-state devices to store data.

Bit patterns

To represent different types of data, we use a bit pattern, a sequence, or as it is
sometimes called, a string of bits. Figure 3.2 shows a bit pattern made up of sixteen bits.
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It is a combination of sixteen Os and 1s. This means that if we need to store a bit pattern
made of sixteen bits, we need sixteen electronic switches. If we need to store 1000 bit
patterns, each sixteen bits long, we need 16000 switches, and so on. By tradition a bit
pattern with eight bits is called a byte. Sometimes the term word is used to refer to a
longer bit pattern.

Figure 3.2 A bit pattern

1000101011111101

As Figure 3.3 shows, a piece of data belonging to different data types can be stored as the
same pattern in the memory.

Figure 3.3 Storage of different data types

A number 65 01000001

Math routine Memory

A character

typed on a “A 01000001

keyboard
/ Text editor Memory
Wik | o7
Image recorder Memory
Eirén‘;f ~~ 111111
Music recorder Memory
e | @
Video recorder Memory

If we are using a text editor (a word processor), the character A typed on the keyboard can
be stored as the 8-bit pattern 01000001. The same 8-bit pattern can represent the number
65 if we are using a mathematical routine. Moreover, the same pattern can represent part
of an image, part of a song, or part of a scene in a film. The computer’s memory stores all
of them without recognizing what type of data they represent.

3.1.2 Data compression

To occupy less memory space, data is normally compressed before being stored in the
computer. Data compression is a very broad and involved subject, so we have dedicated
the whole of Chapter 15 to this subject.

Data compression is discussed in Chapter 15.
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3.1.3 Error detection and correction

Another issue related to data is the detection and correction of errors during transmission
or storage. We discuss this issue briefly in Appendix H.

Error detection and correction is discussed in Appendix H.

3.2 STORING NUMBERS

A number is changed to the binary system before being stored in the computer memory,
as described in Chapter 2. However, there are still two issues that need to be handled:

1. How to store the sign of the number.

2. How to show the decimal point.

There are several ways to handle the sign issue, discussed later in this chapter. For the
decimal point, computers use two different representations: fixed-point and floating-
point. The first is used to store a number as an integer—without a fractional part, the
second is used to store a number as a real—with a fractional part.

3.2.1 Storing integers

Integers are whole numbers (numbers without a fractional part). For example, 134 and
—125 are integers, whereas 134.23 and —0.235 are not. An integer can be thought of as a
number in which the position of the decimal point is fixed: the decimal point is to the
right of the least significant (rightmost) bit. For this reason, fixed-point representation is
used to store an integer, as shown in Figure 3.4. In this representation the decimal point is
assumed but not stored.

Figure 3.4 Fixed-point representation of integers

[ofr1[r1Jofr]r[1]ofofofr[oJof1]1]0]e

Memory location

Decimal point
(assumed position)

However, a user (or a program) may store an integer as a real with the fractional part set
to zero. This may happen, for example, if an integer is too large to be stored in the size
defined for an integer. To use computer memory more efficiently, unsigned and signed
integers are stored inside the computer differently.

An integer is normally stored in memory using fixed-point representation.

Unsigned representation

An unsigned integer is an integer that can never be negative and can take only O or
positive values. Its range is between 0 and positive infinity. However, since no computer
can possibly represent all the integers in this range, most computers define a constant
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called the maximum unsigned integer, which has the value of (2"—1) where n is the number
of bits allocated to represent an unsigned integer.

Storing unsigned integers
An input device stores an unsigned integer using the following steps:
1. The integer is changed to binary.

2. Ifthe number of bits is less than n, Os are added to the left of the binary integer so that
there is a total of n bits. If the number of bits is greater than n, the integer cannot be
stored. A condition referred to as overflow will occur, which we discuss later.

Example 3.1

Store 7 in an 8-bit memory location using unsigned representation.

Solution

First change the integer to binary, (111),. Add five Os to make a total of eight bits,

(00000111),. The integer is stored in the memory location. Note that the subscript 2 is
used to emphasize that the integer is binary, but the subscript is not stored in the computer:

Change 7 to binary - 1 1 1
Add five bits at the left - o o o o O 1 1 1
Example 3.2

Store 258 in a 16-bit memory location.

Solution
First change the integer to binary (100000010),. Add seven Os to make a total of sixteen
bits (0000000100000010),. The integer is stored in the memory location:

Change 258 to binary - 1 0 0 00 0 0 1
Add seven bitsattheleft — 0 0 0 0 0 0 0 1 0 0 0 O O O 1

Retrieving unsigned integers

An output device retrieves a bit string from memory as a bit pattern and converts it to an
unsigned decimal integer.

Example 3.3
What is returned from an output device when it retrieves the bit string 00101011 stored
in the memory as an unsigned integer?

Solution
Using the procedure shown in Chapter 2, the binary integer is converted to the unsigned
integer 43.

Overflow

Due to size limitations—the allocated number of bits—the range of integers that can be
represented is limited. In an n-bit memory location we can only store an unsigned integer
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between 0 and 2" — 1. Figure 3.5 shows what happens if we try to store an integer that is
larger than 24 — 1 = 15 in a memory location that can only hold four bits. This situation,
called overflow, happens when, for example, we have stored the integer 11 in a memory
location and then try to add 9 to the integer. The minimum number of bits we need to
represent the decimal 20 is five bits. In other words, 20 = (10100),, so the computer drops
the leftmost bit and keeps the rightmost four bits (0100),. People are surprised when they
see that the new integer is printed as 4 instead of 20. Figure 3.5 shows why this happens.

Figure 3.5 Overflow in unsigned integers

Representable integer Overflow

1001 0110
1000 0111

Applications of unsigned integers

Unsigned integer representation can improve the efficiency of storage because we do not
need to store the sign of the integer. This means that the entire bit allocation can be used
for storing the number. Unsigned integer representation can be used whenever we do not
need negative integers. The following lists some cases:

O Counting. When we count, we do not need negative numbers. We start counting from
1 (sometimes 0) and go up.

O Addressing. Some computer programs store the address of a memory location inside
another memory location. Addresses are positive integers starting from O (the first
memory location) and going up to an integer representing the total memory capacity.
Here again, we do not need negative integers—unsigned integers can easily do the job.

O Storing other data types. Other data types (text, images, audio, and video), as we will
discuss shortly, are stored as bit patterns, which can be interpreted as unsigned integers.

Sign-and-magnitude representation

Although the sign-and-magnitude representation format is not commonly used to store
integers, this format is used to store part of a real number in a computer, as described in
the next section. For this reason we briefly discuss this format here. In this method, the
available range for unsigned integers (0 to 2" — 1) is divided into two equal subranges. The

first half represents positive integers, the second half, negative integers. For example, if n
is 4, the range is 0000 to 1111. This range is divided into two halves: 0000 to 0111 and
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1000 to 1111 (Figure 3.6). The bit patterns are then assigned to negative and positive
integers. Note that the negative numbers appear to the right of the positive numbers,
which is contrary to conventional thinking about positive and negative numbers. Also
note that we have two Os: positive zero (0000) and negative zero (1000).

Figure 3.6 Sign-and-magnitude representation

| 0000 0001 00100011 01000101 0110 0111|1000 1001 1010 1011 1100 1101 1110 1111|
0 1 2 3 4 5 6 7 -0 1 -2 -3 4 -5 -6 -7

Storing an integer in sign-and-magnitude format requires 1 bit to represent the sign (0 for
positive, 1 for negative). This means that in an 8-bit allocation, we can only use seven bits
to represent the absolute value of the number (number without the sign). Therefore, the
maximum positive value is one half the unsigned value. The range of numbers that can be
stored in an n-bit location is —(2"' —1) to + (2"~' —1). In an n-bit allocation, the leftmost bit is
dedicated to store the sign (O for positive, 1 for negative).

In sign-and-magnitude representation, the leftmost bit defines the sign of the integer.

If it is 0, the integer is positive. If it is 1, the integer is negative.

Example 3.4
Store +28 in an 8-bit memory location using sign-and-magnitude representation.

Solution
The integer is changed to 7-bit binary. The leftmost bit is set to 0. The 8-bit number is
stored:

Change 28 to 7-bit binary 0 0 1 1 1
Add the sign and store 0 0 0 1 1 1
Example 3.5

Store —28 in an 8-bit memory location using sign-and-magnitude representation.

Solution
The integer is changed to 7-bit binary. The leftmost bit is set to 1. The 8-bit number is
stored:

Change 28 to 7-bit binary 0 0 1 1 1 0 0
Add the sign and store 1 0 0 1 1 1 0 0
Example 3.6

Retrieve the integer that is stored as 01001101 in sign-and-magnitude representation.

Solution
Since the leftmost bit is 0, the sign is positive. The rest of the bits (1001101) are changed
to decimal as 77. After adding the sign, the integer is +77.

45



46

Data Storage

Example 3.7
Retrieve the integer that is stored as 10100001 in sign-and-magnitude representation.

Solution
Since the leftmost bit is 1, the sign is negative. The rest of the bits (0100001) are changed
to decimal as 33. After adding the sign, the integer is —33.

Overflow in sign-and-magnitude representation

Like unsigned integers, signed integers are also subjected to overflow. However, in this case,
we may have both positive and negative overflow. Figure 3.7 shows both positive and negative
overflow when storing an integer in sign-and-magnitude representation using a 4-bit memory
location. Positive overflow occurs when we try to store a positive integer larger than 7. For
example, assume that we have stored integer 5 in a memory location and we then try to add
6 to the integer. We expect the result to be 11, but the computer’s response is -3. The reason
is that if we start from 5 on a circular representation and go six units in the clockwise
direction, we end up at -3. A positive overflow wraps the integer back to the range.

A negative overflow can happen when we try to store a integer that is less than -7, for
example if we have stored the integer -5 in a memory and try to subtract 7 from it. We
expect the result to be —~12, but the computer’s response is +6. The reason is that if we
start from -5 on a circular representation and go seven units in the counterclockwise
direction, we end up at +6.

Figure 3.7 Overflow in sign-and-magnitude representation
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There are two 0s in sign-and-magnitude representation: +0 and —0.

Applications of sign-and-magnitude representation

Sign-and-magnitude representation is not used to store integers. However, it is used to store
part of real numbers, as we will see shortly. In addition, sign-and-magnitude representation
is often used when we quantize an analog signal, such as audio.
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Two's complement representation

Almost all computers use two’s complement representation to store a signed integer in
an n-bit memory location. In this method, the available range for an unsigned integer of
(0 to 2" — 1) is divided into two equal subranges. The first subrange is used to represent
nonnegative integers, the second half to represent negative integers. For example, if n is
4, the range is 0000 to 1111. This range is divided into two halves: 0000 to 0111 and
1000 to 1111. The two halves are swapped to be in agreement with the common
convention of showing negative integers to the left of positive integers. The bit patterns
are then assigned to negative and nonnegative (zero and positive) integers as shown in
Figure 3.8.

Figure 3.8 Two’s complement representation

|0000 0001 00100011 010001010110 0111|1000 1001 1010 1011 1100 1101 1110 1111|

-

|1000 1001 1010 1011 1100 1101 1110 1111|0000 0001 00100011 010001010110 O111|
8 -7 6 5 4 -3 -2 -1 0 1 2 3 4 5 6 7

Although the sign of the integer affects every bit in the binary integer stored, the first
(leftmost) bit determines the sign. If the leftmost bit is 0, the integer is nonnegative: if the
leftmost bit is 1, the integer is negative.

In two’s complement representation, the leftmost bit defines the sign of the integer.

If it is 0, the integer is positive. If it is 1, the integer is negative.

Two operations

Before we discuss this representation further, we need to introduce two operations. The
first is called one’s completing or taking the one’s complement of an integer. The operation can
be applied to any integer, positive or negative. This operation simply reverses (flips) each
bit. A 0-bit is changed to a 1-bit, a 1-bit is changed to a 0-bit.

Example 3.8
The following shows how we take the one’s complement of the integer 00110110:

Original pattern 0o 0 1 1 0o 1 1 0
After applying one’s complement operation 1 1 o o0 1 o o0 1

Example 3.9

The following shows that we get the original integer if we apply the one’s complement
operations twice:
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Original pattern 0 0 1 1 0 1 1 0
One’s complementing once 1 1 0 0 0 0 1
One’s complementing twice 0 0 1 1 0 1 1 0

The second operation is called two’s completing or taking the two’s complement of an integer
in binary. This operation is done in two steps. First, we copy bits from the right until a 1
is copied, Then, we flip the rest of the bits.

Example 3.10
The following shows how we take the two’s complement of the integer 00110100:

Original integer 0 0 1 1 0 1
Two's complementing once 1 1 0 (0 1 1
Example 3.11

The following shows that we always get the original integer if we apply the two’s
complement operation twice:

Original integer 0 0 1 1 0 1 0 0
Two's complementing once 1 1 0 0 1 1 0 0
Two's complementing twice 0 0 1 1 0 1 0 0

An alternative way to take the two’s complement of an integer is to first take the one’s
complement and then add 1 to the result (see Chapter 4 for binary addition).

Storing an integer in two’s complement format

To store an integer in two’s complement representation, the computer follows the steps
below:

O The absolute value of the integer is changed to an n-bit binary.

Q If the integer is positive or zero, it is stored as it is: if it is negative, the computer takes
the two’s complement of the integer and then stores it.

Retrieving an integer in two’s complement format

To retrieve an integer in two’s complement representation, the computer follows the
steps below:

Q If the leftmost bit is 1, the computer applies the two’s complement operation to the
integer. If the leftmost bit is 0, no operation is applied.

O The computer changes the integer to decimal.

Example 3.12

Store the integer 28 in an 8-bit memory location using two’s complement representation.



3.2 Storing Numbers

Solution

The integer is positive (no sign means positive), so after decimal to binary transformation
no more action is needed. Note that three extra Os are added to the left of the integer to
make it eight bits:

Change 28 to 8-bit binary 0 0 0 1 1 1 0 0

Example 3.13
Store —28 in an 8-bit memory location using two’s complement representation.
Solution

The integer is negative, so after changing to binary, the computer applies the two’s
complement operation on the integer:

Change 28 to 8-bit binary 0O 0 o0 1 1 1 0 O
Apply two’s complement operation 1 1 (N 1 0 O
Example 3.14

Retrieve the integer that is stored as 00001101 in memory in two’s complement format.

Solution

The leftmost bit is 0, so the sign is positive. The integer is changed to decimal and the sign
is added:

Leftmost bit is 0. The sign is positive. 0O 0 O 0 1 1 0 1

Integer changed to decimal. 13

Sign is added. +13
Example 3.15

Retrieve the integer that is stored as 11100110 in memory using two’s complement
format.

Solution
The leftmost bitis 1, so the integer is negative. The integer needs to be two’s complemented
before changing to decimal:

Leftmost bit is 1. The sign is negative. 1 1 1 o o0 1 1
Apply two’s complement operation. 0O 0 0 1 1 (O 1
Integer changed to decimal. 26
Sign is added. -26

A very interesting point about two’s complement is that there is only one zero in this
representation. In sign-and-magnitude representation, there are two zeros (+0
and -0).

There is only one zero in two’s complement notation.
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Overflow in two’s complement notation

Like other representations, integers stored in two’s complement format are also subject to
overflow. Figure 3.9 shows both positive and negative overflow when storing a signed
integer in a 4-bit memory location. Positive overflow occurs when we try to store a positive
integer larger than 7. For example, assume that we have stored an integer value 5 in a
memory location and we then try to add 6 to the integer. We expect the result to be 11,
but the computer’s response is —5. The reason is if we start from 5 on the circular
representation and move six units in the clockwise direction, we end up at —5. The positive
overflow wraps the integer back to the range.

Figure 3.9 Overflow in two’s complement representation
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A negative overflow can happen when we try to store an integer that is less than -8,
for example if we have stored -3 and try to subtract 7 from it. We expect the result to
be —10, but the computer’s response is +6. The reason is that if we start from -3 on a
circular representation and go seven units in the counterclockwise direction, we end
up at +6.

Applications of two’s complement notation

Two's complement representation is the standard representation for storing integers in
computers today. In the next chapter we will see why this is the case when we see the
simplicity of operations using two’s complement.

3.2.2 Comparison of the three systems

Table 3.1 shows a comparison between unsigned, two’s complement, and sign-and-
magnitude integers. A 4-bit memory location can store an unsigned integer between 0 and
15, and the same location can store two’s complement signed integers between —8 and +7.
It is very important that we store and retrieve an integer in the same format. For example,
if the integer 13 is stored in signed format, it needs to be retrieved in signed format: the
same integer is retrieved as —3 in two’s complement format.



Table 3.1 Summary of integer representations

3.2 Storing Numbers

Contents of memory Unsigned | Sign-and-magnitude | Two’s complement
0000 0 0 +0
0001 1 1 +1
0010 2 2 +2
0011 3 3 +3
0100 4 4 +4
0101 5 5 +5
0110 6 6 +6
0111 7 7 +7
1000 8 -0 -8
1001 9 -1 -7
1010 10 -2 -6
1011 11 -3 -5
1100 12 -4 -4
1101 13 -5 -3
1110 14 -6 -2
1111 15 -7 -1

3.2.3 Storing reals

A real is a number with an integral part and a fractional part. For example, 23.7 is a
real number—the integral part is 23 and the fractional part is 7/10. Although a
fixed-point representation can be used to represent a real number, the result may
not be accurate or it may not have the required precision. The next two examples

explain why.

Example 3.16

In the decimal system, assume that we use a fixed-point representation with two
digits at the right of the decimal point and fourteen digits at the left of the decimal
point, for a total of sixteen digits. The precision of a real number in this system is
lost if we try to represent a decimal number such as 1.00234: the system stores the

number as 1.00.
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Example 3.17

In the decimal system, assume that we use a fixed-point representation with six digits
to the right of the decimal point and ten digits for the left of the decimal point, for a
total of sixteen digits. The accuracy of a real number in this system is lost if we try to
represent a decimal number such as 236154302345.00. The system stores the number as
6154302345.00: the integral part is much smaller than it should be.

Real numbers with very large integral parts or very small fractional parts should

not be stored in fixed-point representation.

Floating-point representation

The solution for maintaining accuracy or precision is to use floating-point representation.
This representation allows the decimal point to float: we can have different numbers of
digits to the left or right of the decimal point. The range of real numbers that can be stored
using this method increases tremendously: numbers with large integral parts or small
fractional parts can be stored in memory. In floating-point representation, either decimal
or binary, a number is made up of three sections, as shown in Figure 3.10.

Figure 3.10 The three parts of a real number in floating-point representation

m |Fixed-pointnumber|
—

Floating-point representation

The first section is the sign, either positive or negative. The second section shows how
many places the decimal point should be shifted to the right or left to form the actual
number. The third section is a fixed-point representation in which the position of the
decimal is fixed.

A floating-point representation of a number is made up of three parts:

a sign, a shifter, and a fixed-point number.

Floating-point representation is used in science to represent very small or very large
decimal numbers. In this representation, which is called scientific notation, the fixed-
point section has only one digit to the left of the decimal point and the shifter is the power
of 10.

Example 3.18
The following shows the decimal number 7425000000000000000000.00 in scientific
notation (floating-point representation):
Solution
Actual number - + 7425000000000000000000.00

Scientific notation — + 7.425 x 102
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The three sections are the sign (+), the shifter (21), and the fixed-point part (7.425).
Note that the shifter is the exponent. We can easily see the advantage of this. Even if we
just want to write the number on a piece of paper, the scientific notation is shorter and
takes less space. The notation uses the concept of floating-point because the position of
the decimal point, which is near the right-hand end in the example, has moved 21 digits
to the left to make the fixed-point part of the number. Some programming languages and
calculators show the number as +7.425E21 because the base 10 is understood and does
not need to be mentioned.

Example 3.19
Show the number —0.0000000000000232 in scientific notation.

Solution
We use the same approach as in the previous example—we move the decimal point after
the digit 2, as shown below:

Actual number — - 0.0000000000000232

Scientific notation — — 2.32 x 10"

Note that the exponent is negative here because the decimal point in 2.32 needs to move
to the left (fourteen positions) to form the original number. Again, we can say that the
number in this notation is made of three parts: sign (-), the real number (2.32), and
the negative integer (—14). Some programming languages and calculators show this as
—2.32E-14.

Similar approaches have been used to represent very large or very small numbers
(both integers and reals) in binary, to be stored in computers.

Example 3.20
Show the number (101001000000000000000000000000000.00), in floating-point format.

Solution
We use the same idea, keeping only one digit to the left of the decimal point:

Actual number -  + (101001000000000000000000000000000.00),

Scientific notation —  + 1.01001 x 232

Note that we don’t have to worry about all those Os at the right of the rightmost 1,
because they are not significant when we use the real (1.01001),. The exponent is shown
as 32, but it is actually stored in the computer in binary, as we will see shortly. We have
also shown the sign as positive, but it would be stored as one bit.

Example 3.21
Show the number —(0.00000000000000000000000101), in floating-point format.
Solution

We use the same idea, keeping only one non zero digit on the left-hand side of the decimal
point:
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Actual number - - (0.00000000000000000000000101),

Scientific notation - = 1.01 x 2%

Note that exponent is stored as a negative binary in the computer.

Normalization

To make the fixed part of the representation uniform, both the scientific method (for the
decimal system) and the floating-point method (for the binary system) use only one non-
zero digit on the left of the decimal point. This is called normalization. In the decimal
system this digit can be 1 to 9, while in the binary system it can only be 0 or 1. In the
following, d is a non zero digit, x is a digit, and y is either O or 1:

Decimal 4 A XXXXXXXXXXXXXX Note: d is 1 to 9 and each xis 0 to 9

Binary + 1.yYYyyyyyyyyyyy Note: each yis 0 or 1

Sign, exponent, and mantissa

After a binary number is normalized, only three pieces of information about the number
are stored: sign, exponent, and mantissa (the bits to the right of the decimal point). For
example, +1000111.0101 becomes:

Sign Exponent Mantissa
+ 25 X 1.0001110101
1 6 0001110101

Note that the point and the bit 1 to the left of the fixed-point

section are not stored—they are implicit.

Sign
The sign of the number can be stored using 1 bit (0 or 1).

Exponent

The exponent (power of 2) defines the shifting of the decimal point. Note that the power
can be negative or positive. The Excess representation (discussed later) is the method
used to store the exponent.

Mantissa

The mantissa is the binary integer to the right of the decimal point. It defines the precision
of the number. The mantissa is stored in fixed-point notation. If we think of the mantissa
and the sign together, we can say this combination is stored as an integer in sign-and-
magnitude format. However, we need to remember that it is not an integer—it is a
fractional part that is stored like an integer. We emphasize this point because in a mantissa,
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if we insert extra Os to the right of the number, the value will not change, whereas in a real
integer if we insert extra Os to the left of the number, the value will not change.

The mantissa is a fractional part that, together with the sign, is treated

like an integer stored in sign-and-magnitude representation.

The Excess system

The mantissa can be stored as an unsigned integer. The exponent, the power that shows
how many bits the decimal point should be moved to the left or right, is a signed number.
Although this could have been stored using two’s complement representation, a new
representation, called the Excess system, is used instead. In the Excess system, both
positive and negative integers are stored as unsigned integers. To represent a positive or
negative integer, a positive integer (called a bias) is added to each number to shift them
uniformly to the nonnegative side. The value of this bias is 2! — 1, where m is the size of
the memory location to store the exponent.

Example 3.22

We can express sixteen integers in a number system with 4-bit allocation. Using one
location for 0 and splitting the other fifteen (not quite equally) we can express integers in
the range of -7 to 8, as shown in Figure 3.11. By adding seven units to each integer in this
range, we can uniformly translate all integers to the right and make all of them positive
without changing the relative position of the integers with respect to each other, as shown
in the figure. The new system is referred to as Excess-7, or biased representation with
biasing value of 7.

Figure 3.11 Shifting in Excess representation

Four-bit system with positive and negative integers

-76-5-4-3-2-1 01 2 3 45 6 7 8

Add 7 units

Excess-7 system
] ] I Y N I N N |

| | N [ |
01 2 3 4 5 6 7 8 9 10 1112 13 14 15

The advantage of this new representation compared to that before the translation is that
all integers in the Excess system are positive, so we don’t need to be concerned about
the sign when we are comparing or doing operations on the integers. For 4-bit
allocation, the bias is 24! —~1 = 7, as we expected.

IEEE standards

The Institute of Electrical and Electronics Engineers (IEEE) has defined several standards
for storing floating-point numbers. We discuss the two most common ones here, single
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precision and double precision. These formats are shown in Figure 3.12. The numbers
above the boxes are the number of bits for each field.

Figure 3.12 IEEE standards for floating-point representation
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Sign
b. Double precision (64 bits)

Single-precision format uses a total of 32 bits to store a real number in floating-point
representation. The sign occupies one bit (0 for positive and 1 for negative), the exponent
occupies eight bits (using a bias of 127), the mantissa uses 23 bits (unsigned number).
This standard is sometimes referred to as Excess_127 because the bias is 127.
Double-precision format uses a total of 64 bits to store a real number in floating-point
representation. The sign occupies one bit, the exponent occupies eleven bits (using a bias of
1023), and the mantissa uses 52 bits. The standard is sometimes referred to as Excess_1023
because the bias is 1023. Table 3.2 summarizes the specification of the two standards.

Table 3.2 Specifications of the two IEEE floating-point standards

Parameter Single Precision Double Precision
Memory location size (number of bits) 32 64

Sign size (number of bits) 1 1
Exponent size (number of bits) 8 11
Mantissa size (number of bits) 23 52

Bias (integer) 127 1023

Storage of IEEE standard floating-point numbers

A real number can be stored in one of the IEEE standard floating-point formats using the

following procedure, with reference to Figure 3.12:

Q  Store the signin S (0 or 1).
Change the number to binary.
Normalize.

Find the values of E and M.
Concatenate S, E, and M.

(I Iy Iy
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Example 3.23

Show the Excess_127 (single precision) representation of the decimal number 5.75.
Solution

a. The sign is positive, so S = 0.

b. Decimal to binary transformation: 5.75 = (101.11),.

c. Normalization: (101.11), = (1.0111), x 2.
d

.E=2+127=129 = (10000001),, M = 0111. We need to add 19 zeros at the right of
M to make it 23 bits.

e. The presentation is shown below:

E M
10000001 01110000000000000000000

The number is stored in the computer as 01000000101110000000000000000000.
Example 3.24

Show the Excess_127 (single precision) representation of the decimal number —161.875.
Solution

a. The sign is negative, so S = 1.

b. Decimal to binary transformation: 161.875 = (10100001.111),.

Normalization: (10100001.111), = (1.0100001111), x 27,

0

d. E=7+127 =134 = (10000110), and M = (0100001111),.
e. Representation:
S E M
1 10000110 01000011110000000000000

The number is stored in the computer as 11000011010000111100000000000000.

Example 3.25

Show the Excess_127 (single precision) representation of the decimal number -0.0234375.
Solution

a. S =1 (the number is negative).

b. Decimal to binary transformation: 0.0234375 = (0.0000011),.

c. Normalization: (0.0000011), = (1.1), x 2°°.

d.E=-6+127=121 = (01111001),and M = (1),.

e. Representation:

S E M
1 01111001 10000000000000000000000

The number is stored in the computer as 10111100110000000000000000000000.
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Retrieving numbers stored in IEEE standard floating-point format

A number stored in one of the IEEE floating-point formats can be retrieved using the
following method:

Q Find the value of S, E, and M.

If S = 0, set the sign to positive, otherwise, set the sign to negative.
Find the shifter (E -127).

Denormalize the mantissa.

Change the denormalized number to binary to find the absolute value.

Add the sign.

I Ny Iy Ny

Example 3.26

The bit pattern (11001010000000000111000100001111), is stored in memory in
Excess_127 format. Show what is the value of the number in decimal notation.

Solution
a. The first bit represents S, the next eight bits, E and the remaining 23 bits, M:

S E M
1 10010100 00000000111000100001111

. The sign is negative.
The shifter = E — 127 =148 - 127 = 21.

. Denormalization gives us (1.00000000111000100001111), x 22!,
The binary number is (1000000001110001000011.11),.
The absolute value is 2104 378.75.

. The number is =2 104378.75.
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Example 3.27

The bit pattern 01000011111000000000000000000000 is stored in memory in
Excess_127 format. Show the value of the number in decimal notation.

Solution
a. The first bit represents S, the next eight bits E, and the remaining 23 bits, M:

E M
0 10000111 11000000000000000000000

. The sign is positive.
The shifter = E - 127 =135 -127 = 8.

. Denormalization gives us (1.11000000000000000000000)2 x 28.
The binary number is (111000000.00)2.
The absolute value is 448.

. The number is +448.

w om0 o



3.2 Storing Numbers

Overflow and underflow

In the case of floating-point numbers, we can have both an overflow and underflow.
Figure 3.13 shows the ranges of floating-point representations using 32-bit memory
locations (Excess_127). This representation cannot store numbers with very small or very
large absolute values. An attempt to store numbers with very small absolute values results
in an underflow condition, while an attempt to store numbers with very large absolute
values results to an overflow condition. We leave the calculation of boundary values
(+largest, —largest, +smallest, and —smallest) as problem:s.

Figure 3.13 Overflow and underflow in floating-point representation of reals

- Largest: - (1 - 2_24) x 2+128 + Largest: + (1 - 2_24) x2+128

—Smallest: — (1 - 2_1) x 2_127 + Smallest: + (1 - 2_1) x 2"I27

Presentable Presentable
Overflow (negative) m (positive) I Overflow

<€ >

-Largest -Smallest 0 +Smallest +Largest

Storing zero

You may have noticed that a real number with an integral part and the fractional part set
to zero, that is, 0.0, cannot be stored using the steps discussed above. To handle this special
case, it is agreed that in this case the sign, exponent, and the mantissa are set to Os.

Truncation errors

When a real number is stored using floating-point representation, the value of the
numbered stored may not be exactly as we expect it to be. For example, assume we need
to store the number:

(1111111111111111.11111111111),

in memory using Excess_127 representation. After normalization, we have:

(1.11111111111111111111111111),

This means that the mantissa has 26 1s. This mantissa needs to be truncated to 23 1s. In
other words, what is stored in the computer is:

(1.11111111111111111111111),

which means the original number is changed to:

(1111111111111111.11111111),

with the three 1s at the right of the fractional part truncated. The difference between the
original number and what is retrieved is called the truncation error. This type of error is very
important in areas in which very small or very large numbers are being used, such as
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calculations in the space industry. In such cases we need to use larger memory locations and
other presentations. The IEEE defines other standards with larger mantissas for these purposes.

3.3 STORING TEXT

A section of text in any language is a sequence of symbols used to represent an idea in that
language. For example, the English language uses 26 symbols (A, B, C,..., Z) to represent
uppercase letters, 26 symbols (a, b, ¢, ..., z) to represent lowercase letters, ten symbols (0, 1, 2,
..., 9) to represent numeric characters (not actual numbers—numbers are treated separately,
as we explained in the previous section), and symbols (., 2, :, ;, ..., 1) to represent punctuation.
Other symbols such as blank, newline, and tab are used for text alignment and readability.

We can represent each symbol with a bit pattern. In other words, text such as ‘CATS’,
which is made up from four symbols, can be represented as four n-bit patterns, each pat-
tern defining a single symbol (Figure 3.14).

Figure 3.14 Representing symbols using bit patterns

C A T S
= = _— =
1000011§1000001f1010100

Now the question is: how many bits are needed in a bit pattern to represent a symbol in
a language? It depends on how many symbols are in the set used for the language. For
example, if we create an imaginary language that uses only English uppercase letters, we
need only 26 symbols. A bit pattern in this language needs to represent at least 26 symbols.

For another language, such as Chinese, we may need many more symbols. The length
of the bit pattern that represents a symbol in a language depends on the number of sym-
bols used in that language. More symbols mean a longer bit pattern.

Although the length of the bit pattern depends on the number of symbols, the rela-
tionship is not linear: it is logarithmic. If we need two symbols, the length is one bit (log,2
is 1). If we need four symbols, the length is two bits (log,4 is 2). Table 3.3 shows the rela-
tionship. A bit pattern of two bits can take four different forms: 00, 01, 10, and 11. Each
of these forms can represent a symbol. In the same way, a bit pattern of three bits can take
eight different forms: 000, 001, 010, 011, 100, 101, 110, and 111.

Table 3.3 Number of symbols and bit pattern length

Number of symbols Bit pattern length Number of symbols Bit pattern length
2 1 128 7
4 2 256 8
8 3 65536 16
16 4 4294967296 32




3.4 Storing Audio

3.3.1 Codes

Different sets of bit patterns have been designed to represent text symbols. Each set is
called a code, and the process of representing symbols is called coding. In this section, we
explain the common codes.

ASClI

The American National Standards Institute (ANSI) developed a code called American
Standard Code for Information Interchange (ASCII). This code uses seven bits for each
symbol. This means that 27 = 128 different symbols can be defined in this code. The full
bit patterns for ASCII code are included in Appendix A. Today ASCII is part of Unicode,
which is discussed next.

Unicode

A coalition of hardware and software manufacturers have designed a code called Unicode
that uses 32 bits and can therefore represent up to 232=4294967 296 symbols. Different
sections of the code are allocated to symbols from different languages in the world. Some
parts of the code are used for graphical and special symbols. A brief set of Unicode symbols
is listed in Appendix A. ASCII is part of Unicode today.

3.4 STORING AUDIO

Audio is a representation of sound or music. Audio, by nature, is different from the
numbers or text we have discussed so far. Text is composed of countable entities
(characters): we can count the number of characters in text. Text is an example of digital
data. In contrast, audio is not countable. Audio is an entity that changes with time—we
can only measure the intensity of the sound at each moment. When we discuss storing
audio in computer memory, we mean storing the intensity of an audio signal, such as the
signal from a microphone, over a period of time: one second, one hour.

Audio is an example of analog data. Even if we are able to measure all its values in a
period of time, we cannot store these in the computer’s memory, as we would need an
infinite number of memory locations. Figure 3.15 shows the nature of an analog signal,
such as audio, that varies with time.

Figure 3.15 An audio signal

Value

Maximum

0 /\ N [\ TSecond > M
MinimumV \./ \/ U

Infinite number of values in one second
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3.4.1 Sampling

If we cannot record all the values of an audio signal over an interval, we can record some
of them. Sampling means that we select only a finite number of points on the analog
signal, measure their values, and record them. Figure 3.16 shows a selection of ten samples
from the signal: we can then record these values to represent the analog signal.

Sampling rate

The next logical question is, how many samples do we need in each second to be able to
retrieve a replica of the original signal? The number of samples depends on the maximum
number of changes in the analog signal. If the signal is smooth, we need fewer samples: if
the signal is changing rapidly, we need more samples. It has been shown that a sampling
rate of 40000 samples per second is good enough to reproduce an audio signal.

Figure 3.16 Sampling an audio signal
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Ten sample values in one second

3.4.2 Quantization

The value measured for each sample is a real number. This means that we can store 40 000
real values for each one second sample. However, it is simpler to use an unsigned number
(a bit pattern) for each sample. Quantization refers to a process that rounds the value of
a sample to the closest integer value. For example, if the real value is 17.2, it can be
rounded down to 17: if the value is 17.7, it can be rounded up to 18.

3.4.3 Encoding

The next task is encoding. The quantized sample values need to be encoded as bit patterns.
Some systems assign positive and negative values to samples, some just shift the curve to
the positive part and assign only positive values. In other words, some systems use an
unsigned integer to represent a sample, while others use signed integers to do so. However,
the signed integers don’t have to be in two’s complement, they can be sign-and-magnitude
values. The leftmost bit is used to represent the sign (0 for positive values and 1 for
negative values), and the rest of the bits are used to represent the absolute values.

Bit per sample

The system needs to decide how many bits should be allocated for each sample. Although
in the past only 8 bits were assigned to sound samples, today 16, 24, or even 32 bits per
sample is normal. The number of bits per sample is sometimes referred to as the bit depth.



3.5 Storing Images

Bit rate

If we call the bit depth or number of bits per sample B, the number of samples per second,
S, we need to store S X B bits for each second of audio. This product is sometimes referred

to as bit rate, R. For example, if we use 40000 samples per second and 16 bits per sample,
the bit rate is R = 40000 x 16 = 640000 bits per second = 640 kilobits per second.

3.4.4 Standards for sound encoding

Today the dominant standard for storing audio is MP3 (short for MPEG Layer 3). This
standard is a modification of the MPEG (Motion Picture Experts Group) compression
method used for video. It uses 44 100 samples per second and 16 bits per sample. The
result is a signal with a bit rate of 705600 bits per second, which is compressed using a
compression method that discards information that cannot be detected by the human ear.
This is called lossy compression, as opposed to lossless compression: see Chapter 15.

3.5 STORING IMAGES

Images are stored in computers using two different techniques: raster graphics and vector
graphics.

3.5.1 Raster graphics

Raster graphics (or bitmap graphics) is used when we need to store an analog image such as
a photograph. A photograph consists of analog data, similar to audio information: the
difference is that the intensity (color) of data varies in space instead of in time. This means
that data must be sampled. However, sampling in this case is normally called scanning. The
samples are called pixels (which stands for picture elements). In other words, the whole
image is divided into small pixels where each pixel is assumed to have a single intensity value.

Resolution

Just like audio sampling, in image scanning we need to decide how many pixels we need
to record for each square or linear inch. The scanning rate in image processing is called
resolution. If the resolution is sufficiently high, the human eye cannot recognize the
discontinuity in reproduced images.

Color depth

The number of bits used to represent a pixel, its color depth, depends on how a pixel’s
color is handled by different encoding techniques. The perception of color is how our
eyes respond to a beam of light. Our eyes have different types of photoreceptor cells: some
respond to the three primary colors red, green, and blue (often called RGB), while others
merely respond to the intensity of light.

True-Color

One of the techniques used to encode a pixel is called True-Color, which uses 24 bits to
encode a pixel. In this technique, each of the three primary colors (RGB) are represented
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by eight bits. Since an 8-bit pattern can represent a number between 0 to 255 in this
technique, each color is represented by three decimal numbers between 0 to 255. Table 3.4
shows the three values for some of the colors in this technique.

Table 3.4 Some colors defined in True-Color

Color Red | Green | Blue |Color Red | Green | Blue
Black 0 0 0 Yellow 255 255 0

Red 255 0 0 |Cyan 0 255 255
Green 0 255 0 Magenta 255 0 255
Blue 0 0 255 |White 255 255 255

Note that the True-Color scheme can encode 2% or 16 776216 colors. In other words, the
color intensity of each pixel is one of these values.

Indexed color

The True-Color scheme uses more than 16 million colors. Many applications do not need
such a large range of colors. The indexed color—or palette color—scheme uses only a
portion of these colors. In this scheme each application selects a few (normally 256) colors
from the large set of colors and indexes them, assigning a number between 0 and 255 to
each selected color. This is similar to the way in which an artist might have a great many
colors in their studio, but at each moment use only a few on their palette. Figure 3.17
illustrates the idea of indexed color.

Figure 3.17 Relationship of the indexed color scheme to the True-Color scheme
4,—} 0

255
Index_|—> 16 777 216

True-Color

The use of indexing reduces the number of bits required to store a pixel. For example, in
the True-Color scheme 24 bits are needed to store a single pixel. The index color scheme
normally uses 256 indexes, which needs only eight bits to store the same pixel. For exam-
ple, a high-quality digital camera uses almost three million pixels for a 3 X 5 inch photo.
The following shows the number of bits that need to be stored using each scheme:

True-Color: 3000000 X 24 = 72000000
Indexed-Color: 3000000 X 8 24000000



3.6 Storing Video

Standards for image encoding

Several de facto standards for image encoding are in use. JPEG (Joint Photographic
Experts Group) uses the True-Color scheme, but compresses the image to reduce the
number of bits (see Chapter 15). GIF (Graphic Interchange Format), on the other hand,
uses the indexed color scheme.

3.5.2 Vector graphics

Raster graphics has two disadvantages: the file size is big and rescaling is troublesome. To
enlarge a raster graphics image means enlarging the pixels, so the image looks ragged when it
is enlarged. The vector graphic image encoding method, however, does not store the bit
patterns for each pixel. An image is decomposed into a combination of geometrical shapes
such as lines, squares, or circles. Each geometrical shape is represented by a mathematical
formula. For example, a line may be described by the coordinates of its endpoints, and a circle
may be described by the coordinates of its center and the length of its radius. A vector graphic
image is made up from a series of commands that defines how these shapes should be drawn.

When the image is to be displayed or printed, the size of the image is given to the system
as an input. The system rescales the image to the new size and uses the same formulae to
draw the image. In this case, each time an image is drawn, the formulae are reevaluated. For
this reason, vector graphics are also called geometric modeling or object-oriented graphics.

For example, consider a circle of radius 7. The main pieces of information a program
needs to draw this circle are:

The radius 7 and equation of a circle.
The location of the center point of the circle.

The stroke line style and color.
The fill style and color.

=W

When the size of the circle is changed, the program changes the value of the radius and
recalculates the information to draw the circle again. Rescaling does not change the quality
of the drawing.

Vector graphics is not suitable for storing the subtleties of photographic images. JPEG or
GIF raster graphics provide much better and more vivid pictures. Vector graphics is suitable
for applications that use mainly geometric primitives to create images. It is used in applica-
tions such as FLASH, and to create TrueType (Microsoft, Apple) and PostScript (Adobe)
fonts. Computer-aided design (CAD) also uses vector graphics for engineering drawings.

3.6 STORING VIDEO

Video is a representation of images (called frames) over time. A movie consists of a
series of frames shown one after another to create the illusion of motion. In other
words, video is the representation of information that changes in space (single image)
and in time (a series of images). So, if we know how to store an image inside a
computer, we also know how to store video: each image or frame is transformed into
a set of bit patterns and stored. The combination of the images then represents the
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video. Today video is normally compressed. In Chapter 15 we discuss MPEG, a

common video compression technique.

3.7 END-CHAPTER MATERIALS

3.7.1 Recommended reading

For more details about the subjects discussed in this chapter, the following books are

recommended:

Q Halsall, F. Multimedia Communication, Boston, MA: Addison-Wesley, 2001

[N Iy I

3.7.2 Key terms
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color depth 63
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Excess_127 56
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floating-point representation 52

frames 65

Koren, 1. Computer Arithmetic Algorithms, Natick, MA: A K Peters, 2001

Long, B. Complete Digital Photography, Hignham, MA: Charles River Media, 2003
Mano, M. Computer System Architecture, Upper Saddle River, NJ: Prentice-Hall, 1993
Miano, J. Compressed Image File Formats, Boston, MA: Addison-Wesley, 1999

one's complement 47

overflow 44
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quantization 62
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real 51
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scanning 63
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text editor 41
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3.7 End-Chapter Materials

Graphic Interchange Format (GIF) 65 two’s complement 48

indexed color 64 two’s complement representation 47

Joint Photographer Experts Group (JPEG) 65 underflow 59

mantissa 54 Unicode 61

MP3 63 unsigned integer 42
MPEG 63 vector graphic 65
normalization 54 video 65

3.7.3 Summary

a

a

Data comes in different forms, including numbers, text, audio, image, and video. All
data types are transformed into a uniform representation called a bit pattern.

A number is changed to the binary system before being stored in computer memory.
There are several ways to handle the sign. There are two ways to handle the decimal
point: fixed-point and floating-point. An integer can be thought of as a number in which
the position of the decimal point is fixed: the decimal point is at the right of the least
significant bit. An unsigned integer is an integer that can never be negative. One of
the methods used to store a signed integer is the sign-and-magnitude format. In this
format, the leftmost bit is used to show the sign and the rest of the bits define the
magnitude. Sign and magnitude are separated from each other. Almost all computers
use the two’s complement representation to store a signed integer in an n-bit memory
location. In this method, the available range for unsigned integers is divided into two
equal subranges. The first half is used to represent non negative integers, the second half
is used to represent negative integers. In two’s complement representation, the leftmost
bit defines the sign of the integer, but sign and magnitude are not separated from each
other. A real is a number with an integral part and a fractional part. Real numbers are
stored in the computer using floating-point representation. In floating-point represen-
tation a number is made up of three sections: a sign, a shifter, and a fixed-point number.

A piece of text in any language is a sequence of symbols. We can represent each
symbol with a bit pattern. Different sets of bit patterns (codes) have been designed
to represent text symbols. A coalition of hardware and software manufacturers have
designed a code called Unicode that uses 32 bits to represent a symbol.

Audio is a representation of sound or music. Audio is analog data. We cannot record
an infinite number of values in an interval, we can only record some samples. The
number of samples depends on the maximum number of changes in the analog sig-
nal. The values measured for each sample is a real number. Quantization refers to a
process that rounds up the sample values to integers.

Storage of images is done using two different techniques: raster graphics and vector
graphics. Raster graphics are used when we need to store an analog image such as
a photograph. The image is scanned (sampled) and pixels are stored. In the vector
graphic method, an image is decomposed into a combination of geometrical shapes
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such as lines, squares, or circles. Each geometrical shape is represented by a mathe-
matical formula.

Q Video is a representation of images (called frames) in time. A movie is a series of
frames shown one after another to create the illusion of continuous motion. In other
words, video is the representation of information that changes in space (single image)
and in time (a series of images).

3.8
3.8.1

PRACTICE SET

Quizzes

A set of interactive quizzes for this chapter can be found on the book’s website. It is
strongly recommended that the student takes the quizzes to check his/her understanding
of the materials before continuing with the practice set.

3.8.2

Q3-1.
Q3-2.

Q3-3.
Q3-4.

Q3-5.
Q3-6.

Q3-7.
Q3-8.
Q3-9.

Q3-10.

3.8.3

P3-1.
P3-2.

Review questions

Name five types of data that a computer can process.

How is bit pattern length related to the number of symbols the bit pattern can
represent?

How does the bitmap graphic method represent an image as a bit pattern?

What is the advantage of the vector graphic method over the bitmap graphic
method? What is the disadvantage?

What steps are needed to convert audio data to bit patterns?

Compare and contrast the representation of positive integers in unsigned,
sign-and-magnitude format, and two’s complement format.

Compare and contrast the representation of negative integers in sign-and-magni-
tude and two’s complement format.

Compare and contrast the representation of zero in sign-and-magnitude, two’s
complement, and Excess formats.

Discuss the role of the leftmost bit in sign-and-magnitude, and two’s complement
formats.

Answer the following questions about floating-point representations of real numbers:
a. Why is normalization necessary?
b. What is the mantissa?

c. After a number is normalized, what kind of information does a computer store
in memory?

Problems

How many distinct 5-bit patterns can we have?

In some countries vehicle license plates have two decimal digits (0 to 9). How
many distinct plates can we have? If the digit O is not allowed on the license plate,
how many distinct plates can we have?



P3-3.

P3-4.

P3-5.

P3-6.

P3-7.

P3-8.

P3-9.

P3-10.

P3-11.

P3-12.

P3-13.

P3-14.

P3-15.

P3-16.

3.8 Practice Set 69

Redo Problem P3-2 for a license plate that has two digits followed by three
uppercase letters (A to Z).

A machine has eight different cycles. How many bits are needed to represent
each cycle?

A student’s grade in a course can be A, B, C, D, F, W (withdraw), or I (incom-
plete). How many bits are needed to represent the grade?

A company has decided to assign a unique bit pattern to each employee. If the
company has 900 employees, what is the minimum number of bits needed to
create this system of representation? How many patterns are unassigned? If the
company hires another 300 employees, should it increase the number of bits?
Explain your answer.

If we use a 4-bit pattern to represent the digits O to 9, how many bit patterns are
wasted?

An audio signal is sampled 8000 times per second. Each sample is represented by
256 different levels. How many bits per second are needed to represent this signal?

Change the following decimal numbers to 8-bit unsigned integers.

a. 23 c. 34

b. 121 d. 342

Change the following decimal numbers to 16-bit unsigned integers.

a. 41 c. 1234

b. 411 d. 342

Change the following decimal numbers to 8-bit two’s complement integers.
a. =12 c. 56

b. =145 d. 142

Change the following decimal numbers to 16-bit two’s complement integers.
a. 102 c. 534

b. =179 d. 62,056

Change the following 8-bit unsigned numbers to decimal.

a. 01101011 c. 00000110

b. 10010100 d. 01010000

Change the following 8-bit two's complement numbers to decimal.

a. 01110111 c. 01110100

b. 11111100 d. 11001110

The following are two’s complement binary numbers. Show how to change the
sign of the number.

a. 01110111 c. 01110111
b. 11111100 d. 11001110

If we apply the two’s complement operation to a number twice, we should get
the original number. Apply the two’s complement operation to each of the fol-
lowing numbers and see if we can get the original number.
a. 01110111 c. 01110100
b. 11111100 d. 11001110
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P3-17.

P3-18.

P3-19.

P3-20.

P3-21.

P3-22.

P3-23.

P3-24.

P3-25.

P3-26.

Normalize the following binary floating-point numbers. Explicitly show the value
of the exponent after normalization.

a. 1.10001 c. 22x101.110011
b. 22x 111.1111 d. 255x 101101.00000110011000
Convert the following numbers in 32-bit IEEE format.

a. —2°x 1.10001 c. +2#x1.01110011
b. +23x 1.111111 d. =25 x1.01101000
Convert the following numbers in 64-bit IEEE format.

a. —2°x1.10001 c. +2#x1.01110011
b. +23x 1.111111 d. -2 x1.01101000
Convert the following numbers in 32-bit IEEE format.

a. 7.1875 c. 11.40625

b. -12.640625 d. -0.375

The following are sign-and-magnitude binary numbers in a 8-bit allocation. Con-
vert them to decimal.

a. 01110111 c. 01110100
b. 11111100 d. 11001110

Convert the following decimal integers to sign-and-magnitude with 8-bit
allocation.

a. 53 c. =5

b. =107 d. 154

One method of representing signed numbers in a computer is one’s complement
representation. In this representation, to represent a positive number, we store
the binary number. To represent a negative number, we apply the one’s comple-
ment operation on the number. Store the following decimal integers to one’s
complement with 8-bit allocation.

a. 53 c. =5

b. =107 d. 154

The following are one’s complement binary numbers in a 8-bit allocation. Con-
vert them to decimal.

a. 01110111 c. 01110100

b. 11111100 d. 11001110

If we apply the one’s complement operation to a number twice, we should get
the original number. Apply the one’s complement operation twice to each of the
following numbers and see if you can get the original number.

a. 01110111 c. 01110100

b. 11111100 d. 11001110

An alternative method to find the two’s complement of a number is to first take
the one’s complement of the number and then add 1 to the result. (Adding binary
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P3-28.

P3-29.

P3-30.

P3-31.
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integers is explained in Chapter 4). Try both methods using the following num-
bers. Compare and contrast the results.

a. 01110111 c. 01110100
b. 11111100 d. 11001110

The equivalent of one’s complement in the binary system is nine’s com-
plement in the decimal system (1 =2 -1 and 9 = 10 - 1). With n-digit allo-
cation, we can represent nine’s complement numbers in the range of:
- [(10%72) = 1] to +[(10%/2 = 1)]. The nine’s complement of a number with
n digit allocation is obtained as follows. If the number is positive, the nine’s
complement of the number is itself. If the number is negative, we subtract each
digit from 9. Answer the following questions for three-digit allocation:

a. What is the range of the numbers we can represent using nine’s complement?
b. In this system, how can we determine the sign of a number?

c. Do we have two zeros in this system?

d. If the answer to c. is yes, what is the representation for +0 and —0?

Assuming three-digit allocation, find the nine’s complement of the following dec-
imal numbers.

a. +234 c. =125
b. +560 d.-111

The equivalent of two’s complement in the binary system is ten’s complement in
the decimal system (in the binary system, 2 is the base, in the decimal system, 10
is the base). Using n-digit allocation, we can represent numbers in the range of:

~(1072)  to  +(1072-1)
in ten’s complement format. The ten’s complement of a number with n-digit

allocation is obtained by first finding the nine’s complement of the number and then
adding 1 to the result. Answer the following questions for three-digit allocation.

a. What is the range of the numbers we can represent using ten’s complement?
b. In this system, how can we determine the sign of a number?

c. Do we have two zeros in this system?

d. If the answer to c. is yes, what is the representation for +0 and —-0?

Assuming three-digit allocation, find the ten’s complement of the following dec-
imal numbers.

a. +234 c. —-125

b. +560 d. -111

The equivalent of one’s complement in the binary system is fifteen’s complement

in the hexadecimal system (1 =2 -1 and 15=16 - 1).

a. What range of numbers can we represent with three-digit allocation in fifteen’s
complement?

b. Explain how the fifteen’s complement of a number is obtained in the hexa-
decimal system.
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c. Do we have two zeros in this system?
d. If the answer to c. is yes, what is the representation for +0 and —0?

P3-32. Assuming three-digit allocation, find the fifteen’s complement of the following
hexadecimal numbers.

a. +B14 c. —1A
b. +FE1 d. -1E2

P3-33. The equivalent of two’s complement in the binary system is sixteen’s comple-
ment in the hexadecimal system.

a. What range of numbers can we represent with three-digit allocation in sixteen’s
complement?

b. Explain how a sixteen’s complement of a number is obtained in the hexadec-
imal system.

c. Do we have two zeros in this system?
d. If the answer to c. is yes, what is the representation for +0 and -0?

P3-34. Assuming three-digit allocation, find the sixteen’s complement of the following
hexadecimal numbers.

a. +B14 c. —1A
b. +FE1 d. -1E2



CHAPTER 4

Operations on Data

In Chapter 3 we showed how to store different types of data in a computer. In this chap-
ter, we show how to operate on data stored in a computer. Operations on data can be
divided into three broad categories: logic operations, shift operations, and arithmetic
operations.

Objectives
After studying this chapter, the student should be able to:

U000 d

(]

List the three categories of operations performed on data.

Perform unary and binary logic operations on bit patterns.

Distinguish between logic shift operations and arithmetic shift operations.

Perform logic shift operations on bit patterns.

Perform arithmetic shift operations on integers stored in two’s complement format.

Perform addition and subtraction on integers when they are stored in two’s
complement format.

Perform addition and subtraction on integers when they are stored in sign-and-
magnitude format.

Perform addition and subtraction operations on reals when they are stored in
floating-point format.

Understand some applications of logical and shift operations such as setting, unsetting,
and flipping specific bits.
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4.1 LOGIC OPERATIONS

In Chapter 3 we discussed the fact that data inside a computer is stored as patterns of bits.
Logic operations refer to those operations that apply the same basic operation on individ-
ual bits of a pattern, or on two corresponding bits in two patterns. This means that we can
define logic operations at the bit level and at the pattern level. A logic operation at the
pattern level is n logic operations, of the same type, at the bit level where # is the number
of bits in the pattern.

4.1.1 Logic operations at bit level

A bit can take one of the two values: 0 or 1. If we interpret O as the value false and
1 as the value true, we can apply the operations defined in Boolean algebra to
manipulate bits. Boolean algebra, named in honor of George Boole, belongs to a
special field of mathematics called logic. Boolean algebra and its application to
building logic circuits in computers are briefly discussed in Appendix E. In this
section, we show briefly four bit-level operations that are used to manipulate bits:

NOT, AND, OR, and XOR.

Boolean algebra and logic circuits are discussed in Appendix E.

Figure 4.1 shows the symbols for these four bit-level operators and their truth
tables. A truth table defines the values of output for each possible input or inputs.
Note that the output of each operator is always one bit, but the input can be one
or two bits.

Figure 4.1 Logic operations at the bit level
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NOT

The NOT operator is a unary operator: it takes only one input. The output bit is the
complement of the input. If the input is 0, the output is 1, if the input is 1, the output is
0. In other words, the NOT operator flips its input. The truth table of the NOT operator
has only two rows because the single input can be either 0 or 1: two possibilities.

AND

The AND operator is a binary operator: it takes two inputs. The output bit is 1 if both
inputs are 1s and the output is O in the other three cases. The truth table of the AND
operator has four rows because, with two inputs, there are four possible input combinations.

A property

One interesting point about the AND operator is that if a bit in one input is 0, we do not
have to check the corresponding bit in the other input: we can quickly conclude that the
result is 0. We use this property when we discuss the application of this operator in
relation to a bit pattern:

Forx=0or 1 XxANDO— 0 and 0OAND X — 0

OR

The OR operator is a also a binary operator: it takes two inputs. The output bit is 0 if both
inputs are Os and the output is 1 in the other three cases. The truth table of the OR
operator has also four rows. The OR operator is sometimes called the inclusive-or operator
because the output is 1 not only when one of the inputs is 1, but also when both inputs
are 1s. This is in contrast to the operator we introduce next.

A property

One interesting point about the OR operator is that if a bit in one input is 1, we do not
have to check the corresponding bit in the other input: we can quickly conclude that the
result is 1. We use this property when we discuss the application of this operator in
relation to a bit pattern:

Forx=0or 1 XOR1—->1 and 10Rx— 1

XOR

The XOR operator (pronounced ‘exclusive-or’) is also a binary operator like the OR
operator, with only one difference: the output is 0 if both inputs are 1s. We can look at this
operator in another way: the output is 0 when both inputs are the same, and the output
is 1 when the inputs are different.

Example 4.1

In English we use the conjunction ‘or’ sometimes to mean an inclusive-or, and sometimes
to mean an exclusive-or.
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a. The sentence ‘I wish to have a car or a house’ uses ‘or’ in the inclusive sense—I wish a
car, a house, or both.

b. The sentence ‘Today is either Monday or Tuesday’ uses ‘or’ in the exclusive sense—
today is either Monday or Tuesday, but it cannot be both.

Example 4.2

The XOR operator is not actually a new operator. We can always simulate it using the
other three operators. The following two expressions are equivalent:

XXORy <« [xAND (NOT y)] OR [(NOT x) AND y]

The equivalence can be proved if we make the truth table for both.
A property
A property of XOR is that if a bit in one input is 1, the result is the complement of the

corresponding bit in the other input. We use this property when we discuss the applica-
tion of this operator in relation to a bit pattern:

Forx=0or 1 1 XOR x — NOT x and x XOR 1 — NOT x

4.1.2 Logic operations at pattern level

The same four operators (NOT, AND, OR, and XOR) can be applied to an n-bit pattern.
The effect is the same as applying each operator to each individual bit for NOT and to
each corresponding pair of bits for other three operators. Figure 4.2 shows these four
operators with input and output patterns.

Figure 4.2 Logic operators applied to bit patterns

n bits n bits  n bits nbits  n bits n bits  n bits
| {| ! | |
NOT AND | OR I | XOR I
n bits n bits n bits n bits
Example 4.3
Use the NOT operator on the bit pattern 10011000.

Solution
The solution is shown below. Note that the NOT operator changes every O to 1 and every 1 to O:

NOT 1 0 0 1 1 0 0 O Input
o 1.1 0 0o 1 1 1 Output
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Example 4.4
Use the AND operator on the bit patterns 10011000 and 00101010.
Solution

The solution is shown below. Note that only one bit in the output is 1, where both
corresponding inputs are 1s:

1 0 0 1 1 0 0 O Input 1
AND 0 0 1 0 1 0 1 O Input 2
0O 0 0 0 1 0 O O Output
Example 4.5
Use the OR operator on the bit patterns 10011001 and 00101110.
Solution

The solution is shown below. Note that only one bit in the output is 0, where both
corresponding inputs are Os:

1 o o0 1 1 0 0 1 Input 1
OR o o 1 0 1 1 1 0 Input 2
1 o 1.1 1 1 1 1 Output
Example 4.6
Use the XOR operator on the bit patterns 10011001 and 00101110.
Solution

The solution is shown below. Compare the output in this example with the one in
Example 4.5. The only difference is that when the two inputs are 1s, the result is O (the
effect of exclusion):

1 0 0 1 1 0 0 1 Input 1
XOR o o 1 0 1 1 1 0 Input 2
1 0 1. 1 0 1 1 1 Output

Applications

Four logic operations can be used to modify a bit pattern.

Complementing

The only application of the NOT operator is to complement the whole pattern. Applying
this operator to a pattern changes every O to 1 and every 1 to 0. This is sometimes referred
to as a one’s complement operation. Example 4.3 shows the effect of complementing.

Unsetting specific bits

One of the applications of the AND operator is to unset (force to 0) specific bits in a bit
pattern. The second input in this case is called a mask. The O-bits in the mask unset the
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corresponding bits in the first input: the 1-bits in the mask leave the corresponding bits in
the first input unchanged. This is due to the property we mentioned for the AND operator:
if one of the inputs is 0, the output is O no matter what the other input is. Unsetting the
bits in a pattern can have many applications. For example, if an image is using only one bit
per pixel (a black and white image), then we can make a specific pixel black using a mask
and the AND operator.

Example 4.7

Use a mask to unset (clear) the five leftmost bits of a pattern. Test the mask with the
pattern 10100110.

Solution
The mask is 00000111. The result of applying the mask is:

1 0 1. 0 0 1 1 O Input
AND 0 0 0 0 0 1 1 1 Mask
0O 0O O O O ;i Output

Note that the three rightmost bits remain unchanged, while the five leftmost bits are
unset (changed to 0) no matter what their previous values.

Setting specific bits

One of the applications of the OR operator is to set (force to 1) specific bits in a bit pattern.
Again we can use a mask, but a different one. The 1-bits in the mask set the corresponding
bits in the first input, and the 0-bits in the mask leave the corresponding bits in the first
input unchanged. This is due to the property we mentioned for the OR operator: if one of
the inputs is 1, the output is 1 no matter what the other input is. Setting the bits in a pattern
has many applications. For example, if an image is using only one bit per pixel (a black and
white image), then we can make a specific pixel white using a mask and the OR operator.

Example 4.8

Use a mask to set the five leftmost bits of a pattern. Test the mask with the pattern
10100110.

Solution
The mask is 11111000. The result of applying the mask is:

1 0 1. 0 0 1 1 O Input
OR 11 1 1 1 0 0 0 Mask

Flipping specific bits
One of the applications of the XOR operator is to flip (complement) specific bits in a bit
pattern. Again we can use a mask, but a different one. The 1-bits in the mask flip the
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corresponding bits in the first input, and the 0-bits in the mask leave the corresponding
bits in the first input unchanged. This is due to the property we mentioned for the XOR
operator: if one of the inputs is 1, the output is the complement of the corresponding bit.
Note the difference between the NOT operator and the XOR operator. The NOT operator
complements all the bits in the input, while the XOR operator complements only the
specific bits in the first input as defined by the mask.

Example 4.9

Use a mask to flip the five leftmost bits of a pattern. Test the mask with the pattern
10100110.

Solution
The mask is 11111000. The result of applying the mask is:

1. 0 1. 0 0 1 1 O Input 1
XOR 11 1 1 1 0 0 O Mask

4.2 SHIFT OPERATIONS

Shift operations move the bits in a pattern, changing the positions of the bits. They can
move bits to the left or to the right. We can divide shift operations into two categories:
logical shift operations and arithmetic shift operations.

4.2.1 Logical shift operations

A logical shift operation is applied to a pattern that does not represent a signed number.
The reason is that these shift operation may change the sign of the number that is defined
by the leftmost bit in the pattern. We distinguish two types of logical shift operations, as
described below.

Simple shift

A simple right shift operation shifts each bit one position to the right. In an n-bit pattern, the
rightmost bit is lost and a O fills the leftmost bit. A simple left shift operation shifts each bit
one position to the left. In an n-bit pattern, the leftmost bit is lost and a O fills the rightmost
bit. Figure 4.3 shows the simple right shift and simple left shift operations for an 8-bit pattern.

Figure 4.3 Simple shift operations

g o o e e e N o o o e e R
0

Lost Lost 0
a. Simple right shift b. Simple left shift
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Example 4.10
Use a simple left shift operation on the bit pattern 10011000.
Solution

The solution is shown below. The leftmost bit (white in the black background) is lost and
a 0 is inserted as the rightmost bit (the bit in color):

- noo1 1.0 0 0 Original
0 0 1 1 0 0 0 0  Aftershift

Circular shift

A circular shift operation (or rotate operation) shifts bits, but no bit is lost or
added. A circular right shift (or right rotate) shifts each bit one position to the right.
The rightmost bit is circulated and becomes the leftmost bit. A circular left shift
(or left rotate) shifts each bit one position to the left. The leftmost bit circulates and
become the rightmost bit. Figure 4.4 shows the circular shift left and circular shift
right operation.

Figure 4.4 Circular shift operations
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a. Circular right shift b. Circular left shift

Example 4.11
Use a circular left shift operation on the bit pattern 10011000.
Solution

The solution is shown below. The leftmost bit (the white bit in the black background) is
circulated and becomes the rightmost bit:

Original n 0 0 1

1 0 0 O Circular
Aftershift 0 0 1 1 0 0 on

Example 4.12

Combining logic operations and logical shift operations gives us some tools for manipu-
lating bit patterns. Assume that we have a pattern and we need to use the third bit (from
the right) of this pattern in a decision-making process. We want to know if this particular
bit is 0 or 1. The following shows how we can find out:



4.2 Shift Operations

h g f e d b a Original

0 h g f e d b One right shift

0 0 h g f e d Two right shifts
AND 0 0 0 0 0 0 0 1 Mask

o 0 0 0 0 0 O Result

We shift the pattern two bits to the right so that the target bit moves to the rightmost
position. The result is then ANDed with a mask which has one 1 at the rightmost position.
The result is a pattern with seven Os and the target bit at the rightmost position. We can
then test the result: if it is an unsigned integer 1, the target bit was 1, whereas if the result
is an unsigned integer O, the target bit was 0.

Arithmetic shift operations

Arithmetic shift operations assume that the bit pattern is a signed integer in two’s
complement format. Arithmetic right shift is used to divide an integer by two, while
arithmetic left shift is used to multiply an integer by two (discussed later). These operations
should not change the sign (leftmost) bit. An arithmetic right shift retains the sign bit, but
also copies it into the next right bit, so that the sign is preserved. An arithmetic left shift
discards the sign bit and accepts the bit to the left of the sign bit as the sign. If the new
sign bit is the same as the previous one, the operation is successful, otherwise an overflow
or underflow has occurred and the result is not valid. Figure 4.5 shows these two operations.

Figure 4.5 Arithmetic shift operations

[frrsrrrra o o e N

Lost 0
a. Arithmetic right shift b. Arithmetic left shift

Example 4.13

Use an arithmetic right shift operation on the bit pattern 10011001. The pattern is an
integer in two’s complement format.

Solution
The solution is shown below. The leftmost bit is retained and also copied to its right
neighbor bit (the white bit over the black background). The bit in color is lost:

Arithmetic Right o 0 1 1 0 0 1 Original
0O 0 1 1 0 O After shift

The original number was —103 and the new number is —52, which is the result of dividing
-103 by 2 truncated to the smaller integer.
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Example 4.14

Use an arithmetic left shift operation on the bit pattern 11011001. The pattern is an
integer in two’s complement format.

Solution
The solution is shown below. The leftmost bit (shown in color) is lost and a O (shown as
white in the black background) is inserted as the rightmost bit:

Arithmetic Left 11 0 1 1 0 0 1 Original
1 0 1 1 0 o 1] Aftersnitt

The original number was -39 and the new number is —78. The original number is
multiplied by two. The operation is valid because no underflow occurred.

Example 4.15

Us